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Resumen

En esta tesis se presenta el diseno de observadores para diferentes clases de sistemas no
lineales. Estos sistemas presentan diferentes problemas relacionados con el muestreo y
los retardos de tiempo. En primer lugar, se presenta una clase de sistemas no lineales
no uniformemente observables con multiples entradas y miultiples salidas, para esto se
disenna un observador cuyo término de correccién se obtiene a partir de la solucién de una
ecuacion diferencial ordinaria de Lyapunov. El observador disenado es capaz de obtener
la estimacion del vector de estado actual continuo, teniendo en cuenta que el sistema orig-
inal presenta multiple muestreo y multiple retardo en las senales de salida disponibles.
La segunda clase de sistemas no lineales abordada en esta tesis es una clase de sistemas
uniformemente observables; para esta clase de sistemas, se disenan dos observadores con
estructuras en cascada, cada uno para lidiar con diferentes problematicas. El primer ob-
servador esta disenado para lograr la estimacion del vector de estado actual junto con el
valor del retardo desconocido presente en la salida del sistema. El segundo observador
esta disenado para obtener la estimacién del vector de estado real de un sistema no lineal
con retardos presentes en la salida y en la dindmica del sistema. La particularidad de
este diseno radica en las condiciones de transformacion del sistema necesarias, ya que se
considera que los retardos en el vector afin pueden estar presentes en diferentes estados
y no necesariamente en todo el vector. La eficacia y las propiedades clave de los ob-
servadores propuestos se demuestran mediante su aplicacion a ejemplos académicos, un

péndulo simple, un brazo robético y el sistema de infeccién por VIH.

Palabras clave: Sistemas no lineales, Observadores de alta ganancia, Observador en
cascada, Sistemas muestreados, Sistemas con retardo, Infeccion por VIH, Brazo robético,

Péndulo simple.



Abstract

In this thesis, the design of observers for different classes of nonlinear systems is pre-
sented. These systems present different problems related to sampling and time-delays.
First, a class of multiple-input/multiple-output nonlinear non-uniformly observable sys-
tems is presented, and an observer is designed whose correction term is obtained from the
solution of a Lyapunov ordinary differential equation. The designed observer is able to
obtain the estimation of the continuously actual state vector, considering that the original
system has multiple sampling and multiple time-delays in the available output signals.
The second class of nonlinear systems addressed in this thesis is a class of uniformly
observable systems; for this class of systems, two observers with cascade structures are
designed, each to deal with different problems. The first observer is designed to achieve
the estimation of the actual state vector in conjunction with the unknown delay present
at the output of the system. The second observer is designed to obtain the estimation
of the actual state vector of a nonlinear system with delays present in the output and in
the dynamics of the system. The particularity of this design lies in the necessary system
transformation conditions, since it is considered that the delays in the affine vector can
be present in different states and not necessarily in the whole vector. The effectiveness
and key properties of the proposed observers are demonstrated through application to

academic examples, a simple pendulum, a robotic arm, and the HIV infection system.

Keywords: Nonlinear systems, High gain observer, Cascade observer, Sampled systems,

Time-delay systems, HIV infection, Robotic arm, Simple pendulum.
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Chapter 1
General introduction

Over time, with the advancement of technology, the automatic control community has
become increasingly interested in the estimation of system states. In an ideal world, engi-
neers and scientists would have access to every internal variable of a dynamic system with
infinite precision and zero delay. Unfortunately, this is not possible. In most practical
scenarios — from biomedical systems and chemical reactors to robotics and beyond — we
are left guessing the full internal behavior of a system using only a few, often noisy, and
imperfectly sampled measurements. In view of this, algorithms known as state observers
have been developed within the control community. These are useful for many purposes
such as: monitoring of unknown variables, estimation of unknown parameters and/or
dynamics, or the implementation of advanced control strategies for linear or nonlinear

systems.

State estimation primarily involves inferring the internal dynamics of a system using the
available inputs and outputs. This gives rise to different physical constraints and dynamic
behaviors that give rise to different types of systems and must be taken into account when
designing state observers. Observer designs have been developed to address these chal-
lenges and can be broadly categorized into model-free and model-based approaches, as

suggested by Besancon| (2007)).

The first type is based on the nonlinear system approximation in which the mathematical
model representing the system is not needed; some of the types are observers based on
neural networks, fuzzy logic, and data-driven, to mention a few (Zhang and Wang, 2021
Cui et al.| |2023; Alhajeri et al., [2021; Marani et al., 2025)). The disadvantage of this type
of observers is the region of application and the number of data that are necessary for its

development.



The second type is based on the knowledge of the mathematical model of the system.
Within this class, there are mainly two types that have been pioneers for the development
of state observers. These observers are the Luenberger observer (Luenberger, 1964) and
the Kalman filter (Kalman| [1960)), which were designed for linear systems. However, most
real systems exhibit inherently nonlinear behavior, so more sophisticated approaches are
needed. Nowadays, within this type of observers are sliding mode approaches (Surjagade
et al., 2020; Zhirabok et all 2021; Chen et al., |2021b)), generalized observers (Guo et al.,
2020; |Ortega et al.,|2021)) and high gain observers (Deza et al.|,|1992; Gauthier and Kupka,,
1996) to name a few. The advantage of this class of observers is that, knowing the model
of the system, the observers can be designed to cope with the different phenomena en-

countered at their inputs and outputs ensuring their convergence.

Although the convergence and robustness properties of the observers are strictly related
to the observability properties of the underlying system. Observability in nonlinear sys-
tems is not a trivial matter and sometimes depends on the trajectories of the system.
Roughly speaking, systems can be classified according to their observability as uniformly
observable and non-uniformly observable. The class of the system has a significant impact
on the design and performance of the observer. Uniformly observable systems guarantee
the observability of the system for all time, since the state-affine matrix does not depend
on either states or inputs. However, to bring it to this representation, it is necessary to
transform the original system, which results in very complex transformations. In observer
design for these systems, the observer gain is fixed and is obtained by different methods
such as the solution of Linear Matrix Inequalities (LMI) that result in solutions of Riccati
or Lyapunov algebraic equations. Some authors dealing with these systems are (Guerra
et al., 2015, 2017; Nath et al., |2019; Tan and Edwards, [2001; Mohamed et al., 2012}
Zemouche and Boutayeb, 2013; Zhang et al.| 2012} Phanomchoeng and Rajamani, [2010;
Farza et al.| [1997; Kazantzis and Kravaris, [1998). It is important to note that although
the LMI-based approach provides a systematic design for obtaining observer gain, this
is not without limitations. One of the main disadvantages is that the nonlinear func-
tions of the system satisfy certain conditions such as being globally Lipschitz or one-sided
Lipschitz. These properties limit the growth or dynamic behavior of the nonlinearities.
In order to obtain the gains it is necessary to know a priori the value of the Lipschitz
constants. In practice, verifying or estimating these values is a challenge, especially for

complex or poorly known systems, and this can result in overly conservative values.

Moreover, although LMIs are attractive due to their convexity, another problem often

faced at the time of obtaining the gains is the involvement of Bilinear Matrix Inequalities



(BMI). These inequalities are intrinsically non-convex, more computationally demanding
and can lead to infeasible or suboptimal solutions. Taking into account these challenges,
the use of other types of observers, such as high gain observers, has been promoted. This
observer avoids the knowledge of Lipschitz constants and complex optimization proce-
dures. These observers are based on local observability and provide fast convergence and

robustness close to an operating point, as shown in (Deza et all [1992; |Gauthier and
Kupkay, 1996; |[Esfandiari and Khalil, [1992)).

Considering that Multiple-Input/Multiple-Output (MIMO) systems make the challenge
of observer design even more challenging. These systems often lack the canonical observ-
able structure that facilitates the design of Single-Input/Single-Output (SISO) systems.
In particular, the presence of cross-couplings between inputs and outputs can complicate
the observability properties, and the system may not be fully observable from any ini-
tial trajectory. Although classical high-gain and LMI-based observers provide powerful
tools in the SISO context, their direct application to MIMO systems is often limited by
the structural complexity of the model and the computational burden associated with
high-dimensional gain matrices or Riccati equations. To deal with this challenge, differ-
ent authors have extended and developed techniques to apply the high-gain approach to
MIMO systems, in which no square structures or decoupled estimation strategies are used.
Some authors who address this problem are (Farza et al.,|2017a), [2011; Oueder et al., 2012;
Gauthier and Kupkay, 2001; [Besancon), [2000; Hammouri et al., 2010} |Lee and Park;, 2003]).
For example, [Farza et al. (2017b) proposed an extended high-gain observer that adapts
to systems without triangular or canonical structures. Similarly, [Farza et al.| (2011) and
Oueder et al. (2012) introduced observer designs that relax the structural triangularity
requirement by allowing dynamic gain adaptation and estimation strategies suitable for
systems with interdependent dynamics. In |Gauthier and Kupka (2001) and Besangon
(2000), techniques for designing high-gain observers in MIMO systems by exploiting ob-
servability distributions and immersion techniques are presented. In addition, a high
gain observer for multi-output structured nonlinear systems is presented in [Hammouri
et al.| (2010), which offers convergence guarantees under wider observability conditions.
These approaches demonstrate that, even in the presence of structural and dimensional
complications, high-gain observers are still very valuable due to their simplicity, strong
convergence properties, and the ability to handle partially known dynamics or bounded

uncertainties.

In contrast to uniformly observable systems, where the observability condition is satisfied

globally and independently of the input, non-uniformly observable systems present signifi-



cant challenges for observer design. In these systems, observability may depend on specific
input trajectories or be satisfied only in certain regions of the state space, complicating the
derivation of observers with global convergence guarantees. This phenomenon is particu-
larly prevalent in nonlinear systems, biological models and complex MIMO configurations,
where the system may exhibit partial or transient observability depending on its operat-
ing scheme. For example, Besancon and Hammouri (1996) proposed an observer design
strategy for non-uniformly observable systems, exploiting rank conditions on the observ-
ability distribution and applying immersion techniques to construct observers that ensure
local convergence. They showed that even when the system does not satisfy uniform ob-
servability globally, it is still possible to reconstruct the state along system trajectories if
sufficient observability information is available locally. Their approach extends the appli-
cability of nonlinear observers to a broader class of systems by moving beyond traditional
assumptions such as involutive or full-rank globally. Subsequently in [Hernandez-Gonzalez
et al. (2016)) and |[Farza et al.| (2017b)) high gain observers for MIMO systems have been
presented without requiring canonical forming, relying instead on weaker local observabil-
ity assumptions. In many of these works, observer convergence is no longer guaranteed
solely by uniform observability, but rather by the presence of persistently exciting signals,
which ensure that sufficient information is injected into the system over time to allow
state reconstruction. This condition is known as the persistent excitation condition and
requires that the input or output trajectories provide sufficiently rich excitation over finite
time intervals. For instance, (Gautheir et al.| (1992) and Kazantzis and Kravaris (1998)
showed that, in systems lacking global or uniform observability, the persistent excitation
condition can guarantee asymptotic convergence of the estimation error. Taking this into
account, in [Farza et al| (2011, 2017b)) this principle was applied to design high-gain and
extended observers, showing that, under persistent excitation, convergence can still be
achieved even in the absence of triangular shapes or full-rank observability at the global

level.

Another example where this condition is exploited is presented in Torres et al. (2011)),
where the challenge of designing observers for a class of nonlinear systems, including a
matrix affine to state dependent on the output is addressed. An observer similar to the
extended Kalman filter (EKF) adapted to systems that can be expressed as a linear part
in the unmeasured states and an additive nonlinearity with a triangular Jacobian is pro-
posed. The authors showed that, under the persistent excitation condition, the observer
guarantees exponential stability of the estimation error. These contributions reflect a shift
toward observer designs capable of operating under realistic, uncertain and structurally

constrained conditions, moving beyond classical assumptions of uniform observability and



increasingly emphasizing the role of signal excitation as a practical substitute for stringent

structural requirements.

Starting from theoretical developments and practical limitations of observer design for
nonlinear and nonuniformly observable systems, this thesis aims to address a set of chal-
lenges that remain largely open in the literature. Although significant progress has been
made in addressing structural constraints, partial observability, and excitation-dependent
convergence, real-world systems often present additional complexities that complicate the
implementation of reliable state estimation. A fundamental assumption in most observer
designs is that the inputs and outputs of the system are known accurately, continu-
ously, and synchronously. However, due to physical and technological limitations, this
assumption often fails in practice. Measurement devices may introduce delays, noise,
asynchronous sampling, or limited resolution, while some signals may not be accessible in
real time or arrive with unknown latencies. These problems introduce instrumentation-
related challenges that significantly affect the performance and even the feasibility of
observer-based strategies, especially in nonlinear systems operating under limited sensing

conditions.

1.1 Objectives

1.1.1 Main objective

Estimate continuously the actual state vector for different classes of nonlinear systems
with time-delayed outputs (known and unknown), which are only available at instants of

time through the design of nonlinear observers.

Consequently, this work focuses on three interrelated and technically challenging prob-

lems:

The presence of multiple sampling instants and multiple known time-
varying delays in the system outputs. This invalidates the classical assump-

tions of synchronous measurements.

The presence of unknown delay in the output of the system. This adds
uncertainty to the available measurement of the system and addresses a case that

occurs in practice.



The existence of time delays in states and output system where trian-
gularity is not necessarily respected. This addresses the inherent problem of

physical phenomena in conjunction with data transmission phenomena.

Taking into account the above, the specific objectives of the work can be defined.

1.1.2 Specific objectives

e Estimate continuously the actual state vector of a nonlinear nonuniformly observable
system whose output is multi-sampled and multiple time-varying using a high-gain

observer.

e Jointly estimate the actual state vector and the value of the unknown delay for a
uniformly observable system whose output presents an unknown time delay using a

cascade observer.

e Estimate the actual vector for a uniformly observable system exhibiting state and

output delays using a cascaded observer.

These scenarios are not only relevant from a theoretical point of view, but also arise
naturally in multiple types of systems, networks with multiple sensors of different natures,

and control applications subject to communication constraints.

1.2 Contributions

The first contribution of this work consists in the design of an observer for a class of
non-uniformly observable MIMO systems whose outputs are acquired at multiple time
instants and are affected by multiple time-varying delay functions. In this contribution,
the estimation of the continuous and actual state vector of the system is sought. The
dynamics of the nonlinear system can be seen in two parts. The first is the state affine
part, in which it is considered that in the state affine matrix are present states and in-
puts of the system, and the second part is related to the nonlinear part of the system,
which presents a triangular structure with the state. The main motivation to address this
sampling and delay problem arises because, in practice, it is necessary to have multiple

sensors of different natures to have physical redundancy of critical variables.

Different authors have addressed problems related to sampling and delay such as (Germani
et al.l 2002; Karatyllis and Kravaris, 2009} |[Farza et al., |2015b}; [Nadri and Grajales, 2013},



Hernandez-Gonzalez et al.| [2016; Farza et al. 2018a; Ling and Kravaris|, |2019; [Tréangle
et all 2019; [Herndndez-Gonzélez et all 2021 [Ramirez-Rasgado et all [2022a]b; [Zhuang
et al., 2024, 2023; |Cacace et al,[2014a}; [Shen et al.,[2017; |[Jaramillo et al., 2021; [Ahmed-Alil
et all 2013; |Chen et al., 2021a; Feddaoui et al., 2020)) and so on.

These problems can be addressed in the following ways, sampling, delay and both. First,
in the case of sampled outputs, one of the most common approaches is to model the sys-

tem as a switched system, where one dynamic model is used when the output is available

and another when it is not. This idea is explored in works such as (Jaramillo et al.|
2021; |Ahmed-Ali et al |2013; Chen et al., 2021a; Feddaoui et al., [2020), where impulsive

or hybrid observer structures are proposed. Alternatively, some authors have designed

dynamic compensators that allow using a unified observer structure regardless of whether

the output is available. In |[Hernandez-Gonzalez et al. (2021) a high-gain observer is pro-

posed for nonlinear MIMO systems with output measurements available at irregular time
instants. Unlike switched observers, the proposed structure includes a dynamic correc-
tion term that adapts whether the output is present or not, allowing a single observer law
to handle both situations. In (Adil et al. [2022) this Linear Parameter-Varying (LPV)

approach is used in the same way for the design of the observer; however, in this article,

a small delay value is proposed so it is not necessary to use the cascade to estimate the

actual state vector.

Second, in systems with delayed outputs, another set of observer strategies has been pro-

posed. These include designs with internal predictors (Karafyllis and Kravaris, 2009)), as

well as cascade structures, where an auxiliary subsystem reconstructs the delayed out-

put before it is used by the main observer (Germani et al., |2002; |Cacace et al. 2014b;
Hernandez-Gonzalez et al., 2016). In this direction, Karafyllis and Kravaris| (2009) devel-

oped a predictor-based observer for nonlinear systems with known time-varying output

delays, ensuring convergence by constructing a Lyapunov-Krasovskii functional. Their
framework addresses both constant and time-varying delays and provides rigorous global
asymptotic stability guarantees under the assumption that the delay is measurable and its
derivative is bounded, conditions that, although restrictive, allow an accurate theoretical

treatment of the dynamics of the estimation error.

A seminal contribution in this direction is that of Germani et al.| (2002)), who proposed a

cascade observer for linear systems subject to a known constant output delay. The strat-
egy involves a prediction stage that reconstructs the delayed measurement using internal

dynamics, which is then passed to a standard Luenberger observer thereby restoring the



structure expected by classical designs and enabling convergence despite the presence of
delayed information. Similar ideas have been extended to nonlinear systems, where delay
compensation precedes the state estimation stage, often under the assumption of delay
bounds or full delay knowledge. These designs typically aim to compensate for the effect of
output delay through structured prediction, ensuring convergence of the estimation error
so long as the delay behaves itself and the system satisfies the required observability prop-
erties. Meanwhile, |Cacace et al. (2014b)) introduced a cascaded observer for systems with
output delays and nonlinearities. Their method includes a dynamic predictor that recon-
structs the delayed measurement and a principal observer that estimates the state using
the compensated signal. A key feature of their design is the use of generalized triangular
structures, which facilitate the separation of the delay processing and state estimation
stages, improving modularity and implementation. On their side, [Hernandez-Gonzalez
et al| (2016 addressed nonlinear MIMO systems with delayed outputs by proposing a
cascade high-gain observer. In their framework, the first layer estimates the delayed out-
put using an internal model and available measurements, while the second layer applies
a high-gain correction to estimate the full state vector. This design is especially effective
in systems that are not uniformly observable and where the output delay is known and
potentially large, but bounded. In all of these contributions, the common thread is the
assumption that the delay is known or bounded, and that the observer can be structured

to absorb its effect before applying classical estimation techniques.

Finally, in more realistic scenarios, the system may exhibit both output delays and non-
uniform sampling, a combination that increases the complexity of the observer design
and undermines most classical assumptions. In such contexts, observer structures must
simultaneously address sampling and output delay. Some recent work has taken up this
challenge by developing hybrid strategies that combine delay compensation with sampling
correction mechanisms. This is in order to achieve continuous and actual state estimation
of the system. In Ramirez-Rasgado et al. (2022a)) an observer for uncertain nonlinear
systems with non-uniformly delayed and sampled outputs is proposed. Their approach
introduces a correction term that is triggered only when new data are available, while
an internal model maintains the evolution of the observer during the intervals between
samples. This allows the observer to remain consistent even in the presence of delayed
measurements and irregular sampling intervals. [Ramirez-Rasgado et al.| (2022b)) explored
how the structure of a high-gain observer can be redesigned depending on the nature and
availability of the output signals, whether delayed, sampled, or both. Similarly, Zhuang
et al.| (2023) proposed a sampled data observer for nonlinear systems with bounded output

delays, where the observer employs a prediction-based mechanism to synchronize inter-



nal estimation with delayed and discretely available outputs. Their design incorporates
bounding conditions and structural observability properties to ensure convergence despite
the asynchronous and delayed nature of the measurements. In (Tréangle et al., [2019)), the
base observer is modified by adding a dynamic function that compensates for a small
delay value. Their method is designed for non-uniformly sampled outputs with known
delays. Another approach is to use sliding modes for the design of the base of the cascade
to achieve the synchronization of chaotic systems in (Hamoudi et al [2020)). Therefore,
these approaches demonstrate the need for observer architectures that account for both
delays and sampling, conditions that are very common in sensor networks, biomedical

systems, and real-time control applications.

The second contribution of this thesis work consists of designing an observer that is able
to estimate the current state vector for a uniformly observable system in the presence of
unknown time delay at the output of the system. In this contribution primarily two things
are sought, the estimation of the unknown delay value and the estimation of the actual
state vector. The motivation for this contribution lies in a still open problem within the
communication problems in the systems, the unknown delays. These unknown delays
may be due to a variety of real-world factors that are common in engineering systems.
For instance, asynchronous sampling of sensors can result in inconsistent synchroniza-
tion between signal acquisition and observer processing. In networked control systems or
wireless sensor networks, delays are often due to unpredictable transmission times due
to congestion, interference or packet retransmission. In addition, internal preprocessing
of smart sensors, such as digital filtering, calibration or buffering, can introduce variable
delays that are not explicitly reported. Other causes are the lack of a shared time base
between distributed measurement units, as well as system-level issues such as processor
overhead or latencies induced by multitasking on embedded platforms or the number of

networked elements.

Some proposals for estimation have been presented in (Ghanes et al., 2016; |Gamiochipi
et al., [2016; Shen et al., [2022). In |Ghanes et al.| (2016), an adaptive observer is proposed,
which is designed with the maximum delay present in the system; convergence to zero
is only assured when the delay in the system is equal to the delay in the observer. An
extension of this work for a more general class is presented in |Gamiochipi et al.| (2016).
In Shen et al.| (2022), using a cascade observer, the actual vector can be estimated with
an error equal to the difference between the real delay and the set delay in the observer.
In the base, an observer based on sliding mode is proposed, and the predictors are a tra-

ditional structure. However, designing observers based on the maximum expected delay



introduces several limitations. First, it can lead to performance degradation when the
actual delay is less than the assumed delay, as the observer reacts slower than necessary.
Second, in systems where the delay is time-varying or uncertain, fixing the observer to the
worst-case delay can lead to persistent estimation errors or overly conservative dynamics.
In addition, these designs often require prior knowledge or accurate estimation of the

maximum delay, which is not always feasible in practice.

Other authors have focused on the estimation of the unknown delay in order to achieve
the estimation of the actual state vector; some approaches have been presented |Cacace
et al.| (2016); Zheng et al.| (2018); Léchappé et al. (2018). In Cacace et al.| (2016), an
observer is proposed which is coupled to an identifier. The state vector is estimated by a
high gain observer and the delay is estimated by an identifier. In |[Zheng et al.| (2018)), it
introduces a function that hides the unknown delay, and by means of a sliding mode ob-
server, it achieves the estimation of this function and reconstructs the delay. In |Léchappé
et al. (2018), the state is extended to estimate the states and the delay present at the
input. First, it approximates the variable where the delay occurs using Taylor’s theorem
and its derivatives are obtained with Levant’s differentiator; the unknown time-delay is
obtained using a projection operator. In Nguyen et al. (2021a)), an observer is presented
for a nonlinear system with unknown and bounded delay, present at the input. In this
work, the system is rewritten and the delay is represented in a new function; the observer
by sliding modes assumes this new function as a disturbance, which is estimated by the
observer. Subsequently, for the delay calculation, it uses this delay-estimated signal. An
extension of this work using the LPV approach is presented in [Nguyen et al.| (2021b).
It is important to note that although these methods are intended to provide delay-free
state estimation, they have limitations. Approaches based on sliding or differentiating
modes, high sensitivity to measurement noise can degrade the accuracy of the estimate.
Methods that rely on auxiliary functions or identifiers to reconstruct the delay introduce
more complexity and possible mismatches between the actual dynamics and the internal
model. Also, the computational demands can be challenging for real-time application,
especially when higher-order derivatives or projection operators are involved. Therefore,
these factors propose a trade-off between adaptability and robustness of delay estimation

strategies.

The final contribution of this thesis focuses on the design of an observer for uniformly
observable systems that exhibit both output delays and delays embedded within the non-
linear structure of the system. This contribution aims to estimate the actual state vector

even in the presence of delays within the state-affine dynamics that do not satisfy trian-
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gularity conditions. The motivation lies in addressing two critical sources of delay: those
introduced by instrumentation constraints and those inherent to the nonlinear system be-
havior. Several authors have studied related problems (Hernandez-Gonzalez et al., [2024;
Di Ferdinando et al| 2023; Vafaei and Yazdanpanah, [2016; [Talebi et al., [2020)).

In Di Ferdinando et al.| (2023)), an observer-based controller is designed for a state-affine
system with sampled inputs and outputs, as well as delays in the system states. The ob-
server relies on Sontag’s universal formula to estimate the state vector and enable system
control. Depending on the sampling and delay values, different observer configurations are
derived. A notable aspect of this approach is that the observer provides a discrete-time

estimate of the state vector. Sufficient conditions for practical stability are established.

In Hernandez-Gonzalez et al.| (2024)), the authors propose an observer for a non-uniformly
observable nonlinear system with output sampling and delayed input. The design is based
on a redesign of the observer proposed by Tréangle et al. (2019), achieving continuous state
estimation while compensating for output sampling effects. Using a Lyapunov-Krasovskii
framework, convergence of the observer is guaranteed and shown to depend on the sam-
pling characteristics. However, these approaches consider only short output delays; when

delays increase, cascade observer structures become necessary.

Following the line of uniformly observable systems, in Vafaei and Yazdanpanah| (2016)),
the authors present the design of a cascaded observer, which replicates the structure of
the observer basis for all predictors. In this work, the nonlinear system is considered to
have delays in both inputs and states. Using a LPV approach, we obtain a series of LMIs
for all the subsystems, which when solved we obtain the gain matrices for each subsystem.
The main limitation of this work is in the dimensioning of the matrices to be solved, since
it depends on the number of predictors in the cascade. A different strategy is presented
in (Talebi et al.| (2020), where the observer gains are tuned using pole placement rather
than relying on LMI-based formulations. This approach offers greater flexibility in the
design process and ensures exponential convergence of the estimation error, provided that

a sufficient number of predictor stages is incorporated into the cascade structure.

This work is composed of 5 chapters, from the introduction to the conclusions and two
Appendices A and B.

The second chapter is devoted to the design of a high gain observer for nonlinear non-

uniformly observable MIMO systems. The particularity of this observer is the ability to
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achieve the estimation of the current state vector considering that each of the outputs has
multiple sampling intervals and multiple time-varying delay functions. In order to better
understand the design, we first present the design considering that the outputs have single
sampling intervals and the single time-varying delay functions. The persistent excitation
condition that guarantees observability is formally presented. The case for uniformly ob-
servable systems has been addressed in |Ramirez-Rasgado et al.| (2021). Subsequently, the
observer is redesigned to be able to deal with multiple sampling and multiple delays. In
both cases, it is shown through convergence analysis that the convergence error converges
exponentially to zero and the rate of convergence depends on the maximum values of de-
lay and sampling. The performance of the observer is shown by considering the biological
system of HIV infection in which the estimation of the unknown state variables of the
system is achieved, and exploiting the property of non-uniformly observable systems, the

estimation of unknown parameters is achieved.

The third chapter focuses on the design of an observer for SISO (Single-Input /Single-
Output) uniformly observable nonlinear systems with unknown time-delay in the output.
For this case, the cascade structure shown in |Germani et al.| (2002); |[Farza et al. (2018b));
Hernandez-Gonzalez et al.| (2016)); [Tréangle et al. (2018) is used, but the observer head
is redesigned in order to cope with the unknown time-delay. To achieve this, the design
of the cascade head is presented first, which in this case will not only be in charge of the
estimation of the delayed vector of the system, but it must also estimate the unknown
value of the delay. For this, it is proposed to rewrite the system in its delayed version,
which causes the delay to remain only at the input of the system. Since the delay is an
unknown parameter, the new system falls back to a non-linear parameterization. With
this in mind and inspired by the proposal in Farza et al.| (2014a) an adaptive observer
is proposed, achieving the estimation of the state vector that is the same as the vector
with delay of the original system and the unknown value of the time-delay present at
the output. The formulation of the persistent excitation condition that assures the es-
timation of the unknown parameter is also presented. Subsequently, with the previous
time-delay estimation, the predictors (m) in the cascade manage to compensate for the
time-delay in the system in a fraction equal to 7/m, where the last predictor achieves the
estimation of the current vector of the system. It is shown through convergence analysis
that the observation error of each subsystem and of the unknown parameter converge
exponentially to zero. Achieving the objective of joint estimation of the value of the
unknown time-delay and the actual state vector. The performance of the proposed ob-

server has been illustrated through an academic example and application to a robotic arm.
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The fourth chapter deals with the design of an observer for an uncertain uniformly observ-
able SISO systems with delays in the output and in the system states. The particularity
of this system is that it allows the presence of delays in the affine vector and they are not
limited only to the nonlinear part of the system. As approached by some authors (Di Fer-
dinando et al., [2023; Vafaei and Yazdanpanah| 2016; [Talebi et al., [2020). To achieve this,
the cascade observer is redesigned to deal with the presence of delays in states. First,
the simple case, delay in the output and delay in the nonlinear function, is presented to
properly present the redesign of the cascade observer. Subsequently, the case where the
affine state vector has delays is discussed. Subsequently, the case where the affine state
vector has delays is discussed. Through a change of variables, the triangularity of the
system is achieved and the previously designed observer is used to achieve the estimation
of the actual state vector. Likewise, the methodology to reconstruct each one of the state
variables considering if the delay is commensurable or non-commensurable is presented.
It is shown through convergence analysis that the observation error converges exponen-
tially to a bounded region near the origin in the presence of uncertainty and to zero if
the system is free of uncertainties. The performance of the proposed observer has been

illustrated through an academic example and a simple pendulum.

This thesis presents the conclusions obtained from the results of this work and some per-

spectives for future work.
Finally, in Appendix A, some theoretical notions of nonlinear systems, observability con-

ditions and different classes of systems are presented. In Appendix B the lemmas used in

chapters 2, 3 and 4 are presented.
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Chapter 2

Observer synthesis for non-uniformly
observable nonlinear systems with
multi-rate sampled and delayed

output

2.1 Introduction

In this chapter, the design of an observer for a class of nonlinear non-uniformly observable
systems, whose output presents sampling and time-varying delays. This class of system
allows the design of observers considering coordinate changes less restrictive than other
approaches. However, the condition of persistent excitation in the system has to be ful-

filled to satisfy the necessary observability conditions.

The methodology for the design of an observer for state estimation in a practical case
is presented. It is considered that the system has multiple outputs and each output has
different sampling and delays, which increases the observation problem. First, in order
to introduce necessary notation, the case of a simple sampling and a simple delay is ad-
dressed. Subsequently, it is extended to the multiple case, addressing a current and little

investigated problem within this class of nonlinear systems.
The effectiveness of the observer is shown through simulations considering the HIV biolog-

ical system. Different sampling cases and delays are shown, as well as the joint estimation

of unknown states and parameters of the system.
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2.2 Problem statement

Consider the following class of Multiple-Input Multiple-Output (MIMO) nonlinear sys-

tems:
w(t) = A(u(t),z(t))z(t) + ¢ (u(t), z(t))
SYS: " (2.1)
yi(t) = Cux(t) =+ (1)
where
) xgk) q
x = : e R" where z¥) = : e R"™, k=1,...,q with an:n, (2.2)
:[;(Q) ZL‘%IZ) k=1

0 AD(u(t), 2 (1)) 0
Au(t), z(t)) = A(qfl)(u(t)’x(l)(t% J(qfl)(t)) ’
K 0 0 0 |
(2.3)
C=1 Lixn, Opixny, --- Oman],
W (u(t), 2 (1))
p(ult),2(t) = | O(u(t), sV (), s (2),....20@) |, (24)

Pl (ult), z(t)
where z(t) € R” and z,(t) € R" are the actual and delayed versions of the system state
variables, each A*(u(t),z(t)),k = 1,...,q — 1, is a ng X n41 non-null matrix which is

triangular with respect to x, i.e.
AW (u(t), 2(t) = AD (u(t), 20 (2), ... s (B), k=1,...q—1,

the nonlinear vectorial function is denoted by ¢(x,u) and each component of which as-

sumes a triangular structure with respect to x, i.e.
PP (ut), z(t)) = oW (u(t), aD(t),...,a®™) k=1,...q, (2.5)

the input system is denoted by « € R™ and y(® € RP denotes the available output that

will be defined below in accordance with the output measurement availability.
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Two design features are worth to be pointed out to appreciate the observer design problem
under consideration. First, the system ({2.1])-(2.4) is not uniformly observable. Second,
the available output measurements are expressed as a function of the state variables in a

delayed form, implying thereby that n; = p.

In order to continue it is important to define the following usual assumptions that are re-
quired in the high gain observer synthesis for non uniformly observable systems (Hernandez-
Gonzalez et al.l 2016)).

Assumption 2.2.1 The system input and state are bounded, i.e., there exist compact
sets U C R™ and X C R"™ such that Vt > 0, u(t) € U and x(t) € X, thus allowing one to
define the upper bounds.

par = max sup | 2\7(t) |, a2 sup |Ja(t)]],

1<k<q ¢>¢ t>
1<i<ny, =0 Ll

Ay = sup  [[A(u(t),z()]l, e = sup lo(u(t), z(1))])-
ueU,xe X uelU,xeX

Assumption 2.2.2 FEach entry of the matrices A(u(t), x(t)) and o(u(t), x(t)) is Lipschitz
on X with respect to x uniformly in u, i.e. 3Ly >0 3L, > 0;Vu € U; V(z,z) € X x X,

one has
AR (u(t), 2(8)) — A*(u(t), 50)]| < Lalla(t) = 50)], k=1...q— 1,
and [|¢* (u(t), (t)) = ¢ (u(t), 2()I| < Lolla(t) = 2t)], k=1...q.
Now, one recalls the following (usual) saturation function

. 2 if | z|<m,
Vz € R, saty(z) =1 - sat <7> = (2.7)
" r-sign(z) if | z|>m,

where r > 0 is a non negative real and the signum function is given by sign(-). Similarly,

one defines a vectorial version of this function as follows

satr(:cgk))
Sat,(z®) = : : (2.8)

k
satr(x%k))
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Using these functions, one saturates the system nonlinearities A®) (u(t), z(t)) and ¢*

for k =1,...,q as follows

AP (@), 2D @), ..., 2@ (1)) 2 A® (u, Satr(zV(1)), . .., Satr(z® (1)),
(2.9)
o (u(t), 2D (), ..., 2® () 2 oW (u(t), Satp(zV (1)), ..., Satr(z®) (1)),
with
R > pu, (2.10)

where p); is the positive real defined as in (2.6). Bearing in mind that the Lipschitz

constant of the saturation function is equal to one, one gets

Vu € U; Y(z,z) € R" x R”,
1AL (ul), 2(t)) = AL (u(t), 2()[| < Lallz(t) — z(1)]],
s (u(t), (1)) — @i (u(t), ()] < Lyll=(t) — 2 ()] (2.11)

Since the Lipschitz property (2.11)) holds globally, the observer design will be achieved for

the following class of systems

.. B(t) = As(u(t),z(t) z(t) + @5 (u(t), 2(t)) (2.12)
yi(t) = Cﬂﬁr(t):xl(t)

T

where

AT (), 2D (@), ..., 2@ D (1))

ps(ut),z(t)) = | o (u(t),zM(1),2®(t),...,20 ()

(2.13)

It is important to emphasize that due to the fact that system ([2.12)) coincides with system

(2.1) on X, the observer that will be designed for system ([2.12]) could be used to predict
the trajectories of system (2.1)) since it always lies in X.
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2.2.1 Output measurements availability

As it was mentioned above, the admissible output y* € RP is specified according to an
adequate multi-rate sampling process of its components which will be denoted y for ¢ =
1,...,p. Indeed, one assumes that each component of the output measurement y{ is

available only at sampling time instants Y < t! < ... < tfi < ... with time-varying

intervals A¥ = tf;kiﬂ) — 7 satisfying

lim tf":+oo and t) =t fori=1,...,p.

k‘i—)OO

Furthermore, each component of the output measurement y{ is obtained at the time
instant ¥ with a time-varying delay denoted by 7;(¢¥), leading thereby to the following

expression of the available output
Yt = g (e = m(tf) wee [ehn e (2.14)

Three assumptions are made to further detail the availability of the output measurement.

Assumption 2.2.3 The time instants associated to the measurements of the outputs, i.e.

tf" —Ti<t?i) are positive and each sequence {tf’” — 7',»(15?2')}/,€_>0 fori=1,...,p is increasing.
Assumption 2.2.4 All the sampling partition diameters are bounded, i.e.

Ay > 0; Vie {1,...,p},
0 < Af _ t@(ml) _ tf < Ay Yk >0 (2.15)

Assumption 2.2.5 All the delay functions d;(t), are non negative and bounded, i.e.
Iy > 0; Vie {1,...,phVE> 1), 0 < 7i(t) < 1. (2.16)

First, the design of the observer will be presented considering the case of a single sampling
partition with a single time-varying delay, then the case of multi-rate sampling with

multiple time-varying delays.
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2.3 Single sampling partition with a time-varying de-
lay

The sampling time instants associated to the unique sampling partition and the involved

specialize as follows

tfi:tk, Ti(tk):T(tk), ]CZO, 221,,]?

where 7(t) is bounded as in (2.16)).

The expression of the available measurement, y°(¢), involved in system ({2.1)) specializes

as follows

Yy (t) = 2ty — 7(t)), Vt € [t teral, (2.17)

and it is available at the time instant ¢;.

Notice that the time instants corresponding to the measurement of the available output,

i.e. tp —7(tg), k > 0, can be expressed as follows
th—7(ty) =t — (t — b+ 7(t)) = t — 7(t), (2.18)
where 7(t) is a piecewise continuous function which is defined as
T(t) =t —tx + 7(tg), YVt € [Lg, trs1]- (2.19)

Notice that since the sampling partition diameter associated to the sampling instants
{tx} k>0 18 bounded by 7)/ and from the fact that the original output delay is bounded by

Tu, the delay output 7(¢) is bounded and one has
V> to, T() =t —t) + 7(ts) < Tar = As + 7. (2.20)

The equations of the candidate high gain observer to provide an estimate of the actual

state can be written under the following form

( Fort > to :
B(t) = Au(u(t), #(1)2(t) + @s(ul(t), 2(£)) = (1)

Fort € [th kL] (2.21)
L(t) = 0A;'K(t) (Ca(te — 7(tn) — y*(t) + g(t) — g(te — 7(t)))
[ 9(t) = —0CK() (Ci(te — 7(tx) —y"(t) + g(t) — g(tx — 7(tk))) ,
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where Z(t) € IR" is the state estimate, u(t) is the system input, y*(¢) denotes the available
system output as given by (2.17), 8 > 0 is a design parameter, Ay is a n x n diagonal

matrix defined as follows

6" T gat

1 1
Ny = diag |In,, =In,, ... Inq] : (2.22)

and the matrix K (t) € IR"*? is issued from the resolution of the following Lyapunov ODE
S(t) = —6 (S(t) + A, (u(t), 2(6))" S(t) + S(t) A, (u(t), 2(t)) — CTC> , (2.23)

with S(ty) = ST (ty) and where A, and C are given by (2.13)) and (2.3)), respectively. The

matrix K is expressed as

K'(t)
K(t)=S*t)or = : with CK (t) = K'(t) € RP*P, (2.24)
K9(t)

Notice that the function ¢g(t) € R? involved in the equations of observer (2.21)) can be

initialized as follows

9(s) = ¢(s) Vs € [to — An — T, o], (2.25)

where ¢(s) € R? is a arbitrary continuous function over the interval [to — Ay — Tas, o).

Recall that system ([2.12]) is not uniformly observable, i.e. its observability depends on
the input and on its state. Thus, in order to ensure its observability over arbitrarily small
time horizons, one shall formulate as in [Hernandez-Gonzélez et al. (2016) the following

specific excitation condition under the form of an Assumption,

Assumption 2.3.1 The input sequence {u(t)},, is such that for any trajectory i(t) of
the system starting from the compact set X given in Assumption 37 > 0,
360* > 0, 30* > 0 such that Y0 > 6* the following persistent excitation condition holds

1
— 40 ’
/t (O(I) 7 (S t)) co % (S t)dS > i Az (2 26)
1 u(t),z(t)\ 9 u(t),z(t)\ 2 =9 (9) 0 .

0

where 0 > 1 is a real number, Ay is the diagonal matriz given by , a 18 a real-valued

positive function satisfying the following properties

a(@)>1 and lim o) =0 (2.27)

=00 B2
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and Py a0 (t,s) € IR™" is the transition matriz of the following state affine system

E(t) = A, (u(t), &(1))&(1) (2.28)

with state & € IR" and inputs u(t) and T(t) which are respectively the input of system

and the state of system .

It is worth recalling that the transition matrix is defined as

i (Puam(t,s) = A(ut),2(t) P i (t,s) ¥t > s >0
Dy it t) = I, ¥t >0.

(2.29)

The above observer (2.21)) actually performs a precise estimation of the system state as
shown by the following result.

Theorem 2.3.1 Consider the system with a single partition and a single (time-
varying) output delay subject to Assumptions together with system f

the upper bound Tyy = Ap + Tar 1S such that

T < &, (230)
Vg

then, the observation error satisfies the following property

*

T
30y >; VO > Oy; Vit > 55 one has

[Z0)] < po(Tar)e PO max a(s)], (2:31)

se [to —TM 7t()]
where

i = (1= R L+ 1),

O@j (0An; + VA(Laza + L)) | (2.32)

no(Tav) = (po — voTar) € 1™

po(Tn) = 0%\ (14 Ty (g — mo(Tar))

V9:0

where xpr and Ay are the respective bounds of the state x and the matriz A as given
in Assumption Ly and Ly, are the Lipschitz constants given in Assumption
0%, T and () are provided by Assumption |2.3.1]
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2.3.1 Proof of Theorem [2.3.1]

Let Z(t) £ #(t) — z(t) be the state observation error associated to system (2.12) and
observer (2.21]). One gets,

1) = Adu(t), 2(6)a(0) + po(ult), 2(6) — () — (A, (u(t),2(6) (t) + o, (u(t), 2(1)))
o) = Au(u(t), 2(0)E(0) + A(ult), &), 2(0)a(t) + G (ult), 2(2), 2(1))
9N K (H)(CR(t — (1) + 9(t) — gt — (1))

(2.33)

where Ay (u(t), z(t), z(t)) and @5 (u(t), z(t), z(t)) are given by
A, (u(t), 5(2), 2(6)) 2 A, (u(t), 2(6)) — A, (u(t), (1)), (2.34)
s (u(t), 2(t), 2(t) £ s (ult), 2(t)) — s (u(t), x(t)). (2.35)

Now, set Z(t) = 0971 Ay2(t) as the exponential error, g(t) = 97 1g(t) and considering the

following properties

ApAy(u, ) Ay = 0A,(u,-) and CA," = C. (2.36)

Using ([2.36)) and considering (2.21)), (2.33)), one gets

B(t) = 0A(u(t), 2(£)a(t) + 0012 (Ay(u D)7+ @uu(t), 2(1), 2(t)) )
—OK(1)(Cz ( kT T(tk)) 9(t) = §( - T(tk))
g(t) = —0KW(t) (Cx(ty —7(tr) +5(t) — glte — 7(t)))
(2.37)

Adding and subtracting 0K (t)Cz(t) = 0K (t)zV(t) to the right side of the first equation
of the above system ([2.37)), one gets

() =0A,(u(), 2(0)3(1) + 0 g (Au(ul0), 2(2), 2(0)F + Bo(u(t), 3(0), (1))
— 0K (1)(Ca(te — T<tk>> - g(t) — gt —7(t >> - 9K< >0:c< ) — 0K (H)Ca(t),
(1) =0 (Au(u(t), 3(1)) = K()C) 2(t) + 072y (A, (u 0)E + Ba(u(t), #(0), 2(1) )

+ 0K (t)2(t), (2.38)

and from the fact that Cz(t, — 7(tx)) = W (¢, — 7(tx)), one can express the auxiliar

variable z(t) as follows:

2(t) = (V) — 2Vt — 7)) — (G() — g(ts — T(t))) - (2.39)
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Notice that the variable z(t) can be expressed as follows

z(t):/tt Cf(s)ds—/tt G(s)ds

k=7 (tk) k=7 (tk)
t t
= / W (s)ds — / g(s)ds
t—T7(tg) t—T7(tg)
t
= [ ) - gts) s (2.40)
t—7(tk)

Using the first equation of (2.37)), the dynamics of (") = CZ can be expressed as follows

2 (1) = 9AY (u(t), 2D (1)) (t)

Hence, one gets
W (t) — g(t) =0AD (u(t), 2V (1))@ (t)
+ 0 (ADu(t), 20 (1), a0 (1) (1) + F0(u(t), 2V (1), 2V (1))

Integrating from ¢, — 7(¢x) to t both sides of the above equation while bearing in mind
the expression of z(t) given by (2.65) leads to

0= [ (A0

+67! (A?)(U(S),i"(l)(S), 2 ()2 (s) + & (u(s), 2 (s), x(l)(s))» ds.
(2.41)

In order to verify the stability of the system, let us propose the following candidate

Lyapunov function:
V(z(t)) = 2" (t)S(t)z(t) (2.42)
where S(t) is the matrix defined as in (2.23)). Combining and (2.23), one gets
V (Z2(t) < — 0V(Z(t)) +2270S(t)2(t)
+227 ()S(1)0 A (fl (u(t), 2(t), 2(t)) x(t) + @ (u(t),

>

(1).2(1)  (243)

Using the Lipschitz Assumption [2.2.2] one can show that

07 2 (As(u(t), 2(0), 2(D)2(t) + Po(ult), 2(8), 2(t)) ) < Vi(Lazy + L)) (244)
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Using , inequality leads to
(1)) < — OV (2(t)) + 207/ M/ V (@) || 2(1)]| + 2 @ﬁwm + L)V (2(1)),
(2.45)

V(z
where Ay (resp. A,,) is the largest (resp. smallest) eigenvalue of S(t).

Similarly, combining ([2.44) and ({2.41]), one can show that
¢ V(z(s
121 < (04 + va(Lazas + L)) / LED, (2.46)
tk—T(tk) m

Combining (2.45)) and (2.46|) results in

V(x(t) < - (9 - 2\5——i_fx/ﬁ(LA$M + L<p)> V(z(t))
(OAw + vilLavu + L)) ey / t V@e)ds,  (2.47)

+ 26
\/Xm tp—7(tr)

or equivalently

d _ IRRVONY: -
(AN + V/n(Lazy + Ly)) ' N (7
o \/Xm te—7(tk) V(x<8))d8.

Using the bound of A, > %, the last inequality results in

4 G < —6 (% _ \/ O‘Q(f ) \/ ”Agﬁ L + L@)> VD)

dt
a(f)e’” ! —
+0 o (0Ay + vVn(Lazy + Ly)) VV(Z(s))ds,
t—Tn
t
2 o/ V(@) + ve VV(@(s))ds, (2.48)
t—Tn
where the expressions of py and vy are given by (2.32)).
Using ([2.18)) and ([2.20]), inequality (2.49) leads to
(2.49)

4 VG < o/ VED) + v /t_ V() Vds.

dt
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Since Ty < %, the conditions of lemma are satisfied and one gets
V(Z(t)) < (14 Tar (1o — no(Tar))) e~ (Tan)(t=t0) mmax V(z(v)), (2.50)
velto—Twn,to
with
no(Tar) = (po — voTar) €107 (2.51)

Coming back to z(t), one gets

JFO < 1) 22 (14 o (0 — m(Fa) OO mas ()]
m vE[to—Tato)
2\ 0)eT* ;
< 2O o o= me(R)) P max [z (252)
0* VE[to—Tto]

From the fact z; = 09'%;,i = 1,...,q, one gets for k =1,...,q,

IO < po(rar)e MO0 max ||z (w)l],

ve [to—‘T’]\/j ,to]

where py is given as in ([2.32)). The proof of Theorem is ended. B

It is demonstrated that the error converges exponentially to zero. In other words, it is
shown that the state estimates by the observer, even in the presence of sampling and

delay, converge to the trajectories of the original system.

2.4 Multi-rate sampling with multiple time-varying

delays

This section focuses on the observer synthesis considering the case of multi-rate sampling
output measurements under multiple short time-varying delays bearing in mind the high
gain observer provided above. Each of the p components of the output z(!)(#) is available
at the time instant tfi with a delay Tl(tf’) Hence, the underlying available measurement

y? can be written in the following form

ye(t) = 2t — 7(t)) with

() =t —th (), v e [t T (2.53)

17

and it is available at the time instant ¢*. The overall vector y*(t) of the available outputs

can then be expressed as

oV (t — 7 (2))
y'(t) = : : (2.54)
oy (t = 7p(2))
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where the 7;’s, i = 1,...,p are defined as in ([2.53]).

Let us associate to each scalar output y¢,7 = 1,...,p, a scalar function g; the design of

which is explained in what follows. Indeed, let us consider the following vector of functions

91(t)
g(t) = N
g»(t)
and its delayed form
it~ (1)
g-(t) = '

gp<t —Tp (t»

In the same way, one defines 57(;1)(15) as follows:

#W(t — 7(t))

) (t - 7(t))

where £(V)(t) € IR is an appropriate estimate of the actual state system provided by the
observer that shall be proposed later. The determination of the function ¢ is achieved

through the resolution of the following Delay Differential Equation (DDE)

§(t) = =0 () (#47(0) =y (@) + 9() — 9:(1)) (2:55)

where K (t) = CK(t) is as defined by (2.24) and y°(¢) as in (2.54). Notice that the
initial conditions for the DDE (12.55)) is similar to that given by ([2.25)).

It should be emphasized that the DDE is similar to that of g(¢) involved in the
observer proposed in the previous section, i.e. observer (2.21]). However, there is a main
difference that has to be put forward and it consists in the updating of the underlying
right sides of the corresponding DDE. Indeed, the right member of the DDE involved in
(2.21]) is updated at the time instants t*, k > 0 associated to the single sampling partition.
However, the updating the second member of the DDE has to be achieved at each
time instant where a new delayed measurement becomes available. Hence, let us denote
by tf the last time instant at which the updating of the right side of the DDE ([2.55)
has been carried. Then, the next time instant for updating this member, that shall be

denoted ¥, can be expressed as follows

k. . ;0
k; = min {t7;t’
1<j<pi>0- 7"

> thi, (2.56)
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Notice that the time period between two successive time instant for updating the second
member of 1) ie. Kf — tf is bounded by A, since each sampling partition diameter

is so. Indeed, one has
ri ke < ke <Ay (2.57)

Hence, one gets

Vte [th kFt—th () <7y EN

i 0"V

According to the above developments, an admissible system state estimation can be per-

formed by the following high gain observer,

([ For t > tg,t=1,...,p:
B(t) = Ag(ult), #()2(t) + ps(ult), (1) — T(1)

OBS:{ Fort € [th kM. (2.59)
) = 08, K@) (200 =y (0) + 9(t) — 9:(1))
§1) = —0K0@) (#00) - (1) + 9(t) — 9-(1))

where the time instants kf’s, i = 1,...,p and k > 0 are defined as in (2.57). The matrix
K(t) is as in ([2.24). The initial condition of the above observer (2.59) have to be chosen
such that 2(0) € X and g(s) = ¥(s),Vs € [to — Ay — Tar, to] where () is any arbitrary

continuous function over the interval [ty — Ay — 7oz, to].

As one would have guessed, the equations of the above observer are very similar
to those proposed in the case of a simple sampling partition with a single output delay,
i.e. (2.21). The unique difference lies in the time intervals on which the dynamics of g(t)
is updated: these intervals are of the form [t*, t*T1] for the latter while they are equal to
[t7 kF[ for the former. Recall that one has ¥V € [t*, t*+1], the time period t — t;, 4+ 7(t;)
is bounded as follows ¢t — ¢, + 7(tx) < Ay + 7as according to for observer
and the counterpart of this property is given by . As a result, the observation error
associated satisfies the same properties as that for (2.59) and this is summarized

in the following Theorem.

Theorem 2.4.1 Consider system with multi-rate sampling and multiple (time-

varying) short output delays subject to Assumptions together with system
. If the upper bound Ty = Ay + Tar 18 such that

< 12 (2.60)
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where g and vy are as in , then each component ¥ of the observation error
z(t) = 2(t) — z(t) satisfies the following property

*

T
30y >; V6 > 0y, Vt > 7; one has

[FO@] < po(me I max ()], (2:61)

se [to —TM 7t()]

ﬁe(%M) _ Qk—l\/@ (1 + v (ue - 779(77—M)))> (2.62)

No(Tv) = (Hg — prpTar) e 1™,

where

and all the other variables keep the same meaning as in Theorem (2.5. 1.

2.4.1 Proof of Theorem [2.4.1]

Let us consider Z(t) = #(t) — z(t) as the observation error associated to system (2.12)
and observer (2.59)) and set g(t) = 09 'g(¢) and Z(t) = 0971 AyZ(t) where Ay is given by
B, one gets

B(t) = 0A(u(t), 2(6)a(t) + 07 A (Au(ult), 2(0), 2(0)F + Go(u(t), 2(1), 2(1)))

—OK()(7 (1) =y + g(t) - 5:(1),
i) = —0KO@) (30(0) — y@ + 5(t) - (1)
(2.63)

where A, (u(t),z(t),z(t)) and @, (u(t), Z(t), z(t)) are given by Eq. (2.34) and (2.35), re-

spectively.

Adding and subtracting 0K (t)Cz(t) = 0K (t)zV(t) to the right side of the first equation
of the above system ([2.63]) and from the fact that Cz-(t) = :f(;)(t), one gets

o(t) =0 (As(u, @) — K(t)C) 2(t) + 07 A (fL(u(tL 2(t), 2 ()T + ps(ult), 2(t), fc(t)))
+OK(1)2(1), (2.64)
where
2(t) = 20(t) — 2 () — (3(t) — g#(1))- (2.65)
Let i € {1,...,p}. From the definitions of 2 (¢), g=(t) (or equivalently z" () , g=(t))
and that of 7(¢) given by (2.59), equation leads for all i € {1,...,p} to
at) = @0 -2l - 1) - ailt) - g - @)

A % A %

t
= / <«TZ(1)(S> - §1(5)> dS, Vt € [t(k1)7 tz(er)[
tg tgki))
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Using ([2.58)), the above equality leads to

()] =

AN
T
al
=

IN

/ |
t—Tn

< /t__ 150 (s) — §(s)|| ds. (2.66)

#0(s) = Gi(s)| ds

It should be emphasized that the last inequality (2.66|) is valid for every i € {1,...,p}

(k) y(kitD)]

and every t € [t; Hence, one gets

Bl SZM@)\ < p/t_ 12 (s) — g(s)llds. (2.67)

As in the proof of Theorem and by using the first equation of (2.63)), the dynamics

of #((t) = CZ(t) can be expressed as follows
2 (1) =0A0 (u(t), 2 ()2 (2)
o (AD((e), 39 (1), 2V () (1) + 60 (w(t), 500,20 (1)) +3(0).

Hence, one gets

0 (AD(u(t), 30(1), 2V ()2 @ (1) + 3O (u(t), 30 (1), V(1))
The above inequality leads to
[#0() - 30 <BIAL w(®), VD)1=

AD (u(t), #0(6), a0 ()2 (1) + GO (u(t), 2D (1), 2O (1))||
(2.68)

+ 60

Again, inequality (2.44]) derived in the proof of Theorem is valid. Combining this
inequality with the above inequality (2.68)) and using the bound of A given by ([2.6)), leads
to

0@ = g0 < 0AuIFD @Ol + VaLaza + L))
< (0w + Vi(Lazy + L) [2(0)]] (2.69)
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Combining inequalities (2.67)) and - leads to
O < p(Oaw+ ViLaru+ 1) [ 1ro)lds (2.70)
e
Now, one proposes the following candidate Lyapunov function
V(z(t)) = 27 (t)S(t)z(t) (2.71)

where S(t) is the matrix defined as in (2.23). Proceeding as in the proof of Theorem m,
i.e. by combining (2.64)) and ([2.23)), one gets

V(z(t) < —0V(Z(t)) + 227 (t)0=(t)
+227 (1)S(£)6 A (A u(t), 2(t), 2(t) 2 + & (u(t), &(t), 2(1)))
VvV :E
< v 20—
< (Z(t)) + \/_
+2/ M/ V (E(0)) (Heq*Ae (A (u(), 3(1), 2(1)) 2(t) + ¢ (u(t), 2(1), 2(1))) |

Again, using (2.44)) and substituting in the above inequality ||z(¢)|| by its bound given by

leads to
V(:E(t)) < —0V(z(t)) + 2%0 (GAM +vn(Laxy + Lw)) V'V (z(t)) /td IV V (Z(s))ds

Vi
e

(Laza + L)V (2(1))

VAn
+pAi (0Ax + V(Lazar + L)) V/V (@(0)) /t - VVGEE)s (2.72)

Notice that the last inequality (2.72) is almost identical to that generated in the single

— (9 QM\/H(LAxM + L«p)> V(z(t))

sampling partition/single delay case and given by (2.47). The only difference between
these two inequality lies in the fact that the second term on the right side of inequality

(2.72) is multiplied by the scalar p.

Hence, proceeding in a similar as in the proof of Theorem leads to,

GVVGD) < TG+ [ TGN (2.73)

where fip and vy are as given by (2.32) of Theorem [2.3.1]
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v
Since Ty; < p—e, conditions of lemma |B.1.1| are satisfied and one gets
Ho

VV(E() < (14 7ar (o — o(7ar))) e PP max /V(2(s)), (2.74)

s€[to—Tar,to]

with
Mo(Tar) = (1o — praTar) e O™ (2.75)
Finally, coming back to Z, one gets for k = 1,...,q¢,

1E® )] < po(7ar)e” P TIE0) max |@(s)]],

s€[to—Tar,to]

where py is given as in (2.62)). This ends the proof of the Theorem. W
Thereby, it is clear that even in the presence of multiple sampling and multiple delays,

the proposed observer is able to estimate the system states.

2.5 Application to HIV infection system

In order to validate the effectiveness of the observer, different simulations considering
different delay and sampling scenarios are presented. The observer is applied to the esti-

mation of variables and parameters of the HIV biological system.

The HIV is a retrovirus that uses the CD4" T-cells of a healthy person, which are of vital
importance in the immune system, to replicate. HIV attacks CD4" T-cells in the body
that help fight disease and other infections. Attacking these cells makes the infected body
vulnerable to other infections and diseases. Monitoring the variables and parameters of
the model leads physicians to see the effectiveness of the treatment provided to their pa-

tients. However, due to different phenomena, there are delays in the model.

Bearing in mind the above, the following model of HIV infection proposed in (Culshaw
and Ruan|, 2000; [Sharafian et al., [2020)) is defined as follows:

;

T(t) = s — prT(t) + rT(t) (1 - M) B V(HT()

Tm ax

i(t) = K\VO)T(t) - purI(1)

SYS 19 V(t) = NupI(t) — ky V()T (t) — puv'V (2) (2.76)
S0 () T(t—7u(t))
( I(t — 7(t))
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where T is the population of healthy CD4" T-cells, I represents the population of infected
CD4" T-cells and V is the free HIV virus particles in the blood of HIV individual.

The parameter values of system (2.76)) are shown in Table . Note that [mm] means

millimeters.

Parameter Value Unit
S 10 day 'mm™!
1% 0.2 day™!
I 0.24 day™!
13, 0.26 day
3% 2.4 day ™
Thnax 1500 mm !
ky 2.4 x107° | mm?® day "
r 0.03 day ™
k) 2x107° | mm?® day ™"
N 1400 -

Table 2.1: Physical parameters of the HIV system

Now, one defines the following state vector z(t) = [z™M7 2T € R? and it is partitioned
as follows

1 (1) _
x(t) = [x(;] with 2 () = [ i =T a0 = v,

e w1 = I(t)

By bearing in mind the above, one can rewrite system ([2.76)) as follows:

(1) (1)
00 —kal(t) s ural o)+ 10 (1 A0
sys. ) #= 00 KaV) | =)+ —uraSD(t)
00 0 Ny (1) = ka0t (1) — pyat® (1)
yO(t) = Cra(t) = 2 (1)

(2.77)

with C' = [ Iy 09y ] Recall that the actual output y(¢) is unknown, and the available
output is 3®(¢) that is only available in instants of time and is delayed. In other words,

the available output is defined as follows:
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(1) _
y(a) _ 33(;1)@) _ ( xél)(t - 7-1<t>) ) (2.78)

with

) =t—t" ), v e [tg’“),tg’““’ [,k:l >0
(2.79)
R(t) =t —t8) 4 ), vt e [té’“”,té’”“’ [,k:2 >0

It is important to note that each of the signals has a maximum sampling delay denoted
by A;,7 = 1,2 and a maximum delay value denoted by 7;,7 = 1,2. The maximum values
of sampling (A,,) and time delay (7)) are selected considering the upper bound of the

outputs, i.e.

Ay = max{ Ay, A, }
(2.80)
™m = max{ 7, 7 }
The objective is to demonstrate the ability of the observer to reconstruct the states

continuously, even in the presence of multiple sampling and delay. For this, one designs
an observer of the form (2.59)) as follows:

( Fort > ty, 1=1,...,p:
B(t) = AJE()2() + @s(2(t) = (1)

OBS - Fort e [tF xM]: -
N T = 6K (00 -0 a0 -grt)  CY
§(t) = —OKD@) (3 (1) = (1) + 9(t) = g(1))

g(s) = 02x1,Ys € [=Apn — 7, 0],

with:

Notice that all the following simulations that shall be given were obtained without pro-
ceeding to the saturation of the nonlinearities and the state of the system is bounded for

the considered initial conditions.
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Two sets of simulation results are presented and in both cases the initial conditions of the

system and observer states are set as follows:

1000 1200
2(0) = 0 ,i(s) = 200 with s € [—7ar, 0],
10 x 103 50 x 1072

and the initial observer parameters are

[2><2 02><1

S(0) = Isxs, Ag =

] and 0 = 2.

Oix2 3

The first set of simulation results deals with very short values of the sampling partition
diameters and the upper bound of the time-varying output delays. The first output is
sampled with a constant sampling period A; = 0.01 day and exhibits a time-varying delay
71 = 0.03(0.75 + 0.25sin(0.4¢)) day. For the second output, the value of the underlying
constant sampling period is Ay = 0.02 day and the expression of the associated time-
varying delay is 7»(t) = 0.05(0.75 + 0.25co0s(0.8¢)) day. Considering the proposed in
, one obtains the upper limits as follows:

Ay = max{ A;, A, } =max{ 0.01, 0.02 } day = 0.02 day,
™ = max{ 7, 7 }=max{ 0.03, 0.05 } day = 0.05 day.

This results in an upper bound of the involved delays is 7y = Ay + 77 = 0.07 day.
The performance of the time-varying delay in each output is shown in Figure 2.1, The
estimates of the unknown actual state variables provided by the observer are compared
to their true values, issued from the simulation of system , in Figures . More
precisely, the estimates of the concentration of healthy and infected CD4" T-cells are com-
pared to their true unknown time evolution in Figures [2.22.3] respectively, while Figure
shows the estimate of the free HIV. Note that the estimation of free HIV is of great
interest, since it is an important indicator of the degree of progression of the infection in
the patient, the effectiveness of antiretroviral therapy (ART), the risk of transmission to

others, detection of viral rebounds, among others.

It should be emphasized that the available outputs of the system are subject to different
sampling partitions and that each of these outputs is available with a specific time-varying
delay. The obtained results clearly show that the proposed observer allowed us to quickly
provide continuous estimates of the overall system actual state from the available sampled

delayed outputs. This is clearly shown in Figure that shows the observation error
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Figure 2.1: First set of simulation: Performance of time-varying delay in each output
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Figure 2.2: First set of simulation: Estimation of the concentration of healthy CD4*

T-cells by the observer

norm. It is clearly shown that it converges to zero, indicating that all states are correctly

estimated.

The second set of simulations deals with a more challenging challenge in terms of sampling
and delay. The first output is sampled with a constant sampling period A; = 1 day and
exhibits a time-varying delay 7(¢) = 3(0.75 + 0.25sin(0.2¢)) day. The second output
presents a sampling period equal to Ay = 2 day and the expression of the associated
time-varying delay is 7(t) = 5(0.75 + 0.25 cos(0.4¢)) day. According to (2.80]), the upper
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Figure 2.3: First set of simulation: Estimation of the concentration of infected CD4*

T-cells by the observer
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Figure 2.4: First set of simulation: Estimation of the free HIV particles by the observer

limits are as follows:

Ay = max{ A;, A, }=max{ 1, 2 } day =2 day,
v = max{ 7, 7 }=max{ 3, 5} day =5 day.

For this simulation, the upper bound of the involved delays is )y = Ay + 70 = 7
day, which is ten times greater than the first set of simulation. The performance of

the time-varying delay in each output is shown in Figure [2.6f The estimates of the
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Figure 2.5: First set of simulation: Observation error norm ||z(t) — z(t)||

unknown actual state variables provided by the observer are shown in Figures 2.9
The estimation of the concentration of healthy and infected CD4" T-cells are compared to
their true unknown time evolution in Figures 2.8] respectively, while Figure [2.9| shows
the estimate of the free HIV. It is noted that even with increasing sampling and delay in
the system, the observer manages to correctly estimate the states of the original system.

However, it presents higher values in the transient and takes more time to converge, as
shown in Figure [2.10]
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Figure 2.9: Second set of simulation: Estimation of the free HIV particles by the observer
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2.5.1 Estimation of unknown parameters

In this section, the class of the non-uniformly observable system is exploited. For this,
the system shown in ([2.76)) is considered. However, the parameters s and r are considered

to be unknown.

Now the challenge is to obtain the continuous estimation of the state variables and the two
unknown parameters. One option to solve this may be to propose an adaptive observer;
however, an alternative is to propose the following state vector z(t) = [T'(t) I(t) V (t) s r]*

and considering that s and r are constant, their time derivatives are § =7 = 0.

The state vector z(t) is partitioned as follows:

By considering the above, the system ({2.76)) can be rewritten under the form

N O2x3 A(z(t)) W (@M ()
RS Rl g LU Wy

Osx2  Osxs (M (t), 2P (1)) (2.82)
yO(t) = Cas(t) = 2V (1)
with
M,
gD MWq_T1_ +tT (1)
A(:U(l)) _ klxl 1 ml (1 Tmax ) gp(l) (m’(l) (t)) _ _’uTxl (t)
(1) ’ —pra () |
Kixy 00
Ny (5) = ol (t) — pat? (1)
e (20 (1), 2@ (1)) = 0 and C = [ L 0Oss } .
0
(2.83)

As in the previous case, the output of the system is the variables T'(t) and I(t) in the

presence of multiple sampling and multiple time-varying delay. Having the following form:

(1) _
fWﬂ:<xBa_?ﬁ)) .80
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with

) =t — " 4 (@F)), vt e [tg’“),tﬁ’““’ [,kl >0
(2.85)
7)) =t — 8 4 ), vt e [tg’”),tg’“ﬁ“ [,kz >0

The objective is to obtain the continuous and actual estimation of the system (|2.82)),
therefore an observer of the form ([2.59) is designed. The initial conditions of the system
and observer states are set as follows:

T

T
2(0) = [ 1000 0 10 x 102 ] J3(s) = [ 1200 0.8 05 0 0 } with s € [—7y, 0],

and the initial observer parameters are:

S(O) = I5><57 AH =

I 0
2x2 X 2x3 79 _ 1‘2,
O3x2  513x3

and ¢(s) = 03x1Vs € [—An — 7ar, 0].

The first output is sampled with a constant sampling period A; = 0.01 day and exhibits
a time-varying delay 7 = 0.18(0.75 + 0.25sin(0.2¢)) day. The second output presents a
constant sampling period Ay = 0.012 day and the time-varying delay is 75(t) = 0.3(0.75+
0.25cos(0.4t)) day. Taking into consideration (2.80), one obtains the upper limits as

follows:

Ay = max{ A;, A, } =max{ 0.01, 0.12 } day = 0.12 day,
v = max{ 7, 7 }=max{ 0.18, 0.3 } day = 0.3 day.

This upper bound of the involved delays is 7y = Ay + 7y = 0.42 day. The state
variables estimated by the observer are shown in Figure 2.1112.15, The estimation of the
concentration of healthy CD4" T-cells is shown in Figure The estimation of infected
CD4* T-cells is shown in Figure It is important to note that these two state variables
are the outputs of the system and are sampled and delayed, so it is important to note that
the observer achieves continuous and actual estimation of these variables. The estimation
of free HIV cells in the human body is shown in Figure 2.13| The estimation of the s
parameter shown in Figure helps us to know how the uninfected CD4" T-cells are
being produced. The increase of this value indicates that the infected person is producing
more healthy cells, so the infected cells decrease. The estimation of the r parameter is
shown in Figure[2.15| This parameter tells us how fast the population of healthy cells can
grow when infected cells are present and is also an indicator of how infected cells affect

the ability of the immunologic system to control the infection. Therefore, the monitoring
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of these parameters is essential to improve the prediction of disease progression and the
design of therapeutic strategies. In order to show that the estimation error converges
to zero even in the presence of multiple samples and multiple delays. Figure [2.16] the

absolute values of the error in each variable and the parameters are shown.
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Figure 2.11: Estimation of the concentration of healthy CD4% T-cells by the observer

with unknown parameters
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Figure 2.12: Estimation of the concentration of infected CD4" T-cells by the observer

with unknown parameters
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Figure 2.13: Estimation of the free HIV particles by the observer with unknown parame-
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Figure 2.14: Estimation of the unknown parameter s by the observer
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Figure 2.15: Estimation of the unknown parameter r by the observer
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2.6 Conclusion

This chapter presented the design of a high gain observer for a non-uniformly observable
system considering that the outputs of the system are only present at time instants and
have time delays. This observer is first designed considering that the outputs have the
same sampling instant and a time-varying delay to present the structure of the observer
and the technical notions. Subsequently, the observer is redesigned to deal with the
practical case, which is the multiple presence of delays and multiple samples in each of
its outputs. An important emphasis is made on the observability conditions to be met by
the system and the conditions on the maximum sampling and delay values. It is properly
demonstrated that the observer error will converge to zero and that the decay rate is
related to the upper bounded values of sampling and time-delay. The performance and
applicability of the proposed observer have been demonstrated by means of a biological
system. It exploits the class of non-uniformly observable systems to jointly estimate

unknown states and parameters in the system.
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Chapter 3

Observer Synthesis for a class of
nonlinear system under unknown

time-delay in the output

3.1 Introduction

This chapter deals with the design of an observer for a class of nonlinear systems in the
presence of unknown delay in the output signal. This presents an interesting challenge,
since in practice an approximate value of the delay can be known under optimal condi-
tions; however, this can change and what was previously designed degrades. Within the
observer design, if the delay is not known exactly, the estimation of the current states will
be bounded to a bounded region. Therefore, to eliminate this region, it is necessary to

know its value with accuracy.

The observer to be designed is considered with a cascade structure. The main contribution
is in the observer head, since it will be in charge of estimating the value of the unknown
delay. Subsequently, the predictors should be able to estimate the current vector of the

system.

The performance of the proposed cascaded observer is highlighted by simulations on an

academic example and a robotic arm.
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3.2 Problem statement

Let us consider the following class of nonlinear systems with unknown time-delay in the

output:
i(t) = Ax(t) + p(u(t), 2(1))
SYS: (3.1)
yr(t) =Cx(t —7) = x1(t — 7)
where:
p1(u(t), z1(t))
pa(u(t), x1(t), 22(t))
Az | D Tooy ] olalt), u(t)) = :
0 01,(n—1)
Pm-n(ult), 21(t), -, T(n-1) (1))
on(u(t), 2(t))
C=]10 - 0]er> (3.2)
where @ = [z, %, ...,2,]" € R” denotes the state of the system; y,(t) € RP is the

delayed output; 7 > 0 is the time-delay and it is assumed to be unknown; @(u(t), z(t)
is a nonlinear vector function and each k&, k = 1,...,n is assumed to have a triangular

structure with respect to the state z, i.e.

21
on(u, ) = p(u, 7)) where z, = | © | € R” (3.3)

Tk

The following assumptions are necessary for the observer design.

Assumption 3.2.1 The state x(t) and the system input u(t) are bounded, i.e., x(t) € X
and u € U where X C R™ and U C R are compact sets. More precisely, there exists a
positive constant pyr, such that ¥t > 0, |z;(t)] < par, i =1,...,n.

Assumption 3.2.2 Fach function 9, i =1,...,n is Lipschitz on X with respect to x

and uniform in u, i.e.,
dL, > 0; Vue U;V(z,7) € X x X :

i (u, ) = pi(u, 2)|| < Ly Y o — Tal- (3-4)
k=1

Assumption 3.2.3 The input u(t) is differentiable with respect to time.
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Assumption 3.2.4 The unknown time-delay 7 > 0 is a positive constant and is assumed

to be arbitrarily large.

Before proceeding with the observer design, let us consider the following saturation func-

tion:

1S if ¢ <,

. : (3.5)
re-sign(§) i [ =,

VE e R, sat, (&) = r-sat(é)r) = {

where 7 is a positive real and sign(-) is the usual signum function. This allows to saturate

the nonlinearities ¢ s for k =1,...,n as follows
05 (u, ) = @;(u, satr(xy), ..., satr(x;)) (3.6)
with
R > pu, (3.7)

where p), is the positive real defined in assumption A1. Bearing in mind that the Lipschitz

constant of the saturation function is equal to one, one gets

Yu € U; Y(i,2) € R" x R,
lp™u(t), x(t) — ¢*(u, 2)|| < Ly||z — | (3.8)

Now, the system (3.1)) can be rewritten as follows:

(1) = Ax(t) + ¢ (u(t), (1))
SYS : (3.9)

yr(t) = x1(t — 1)
It is important to note that the observer will be designed for the system (3.9)). However,
the observer will estimate the trajectories of the system (3.1)) since both lie in X.

The main goal is to achieve an estimation of the actual state vector of the system (3.1]).
For this purpose, first, the value of the unknown delay present in the output signal must
be estimated, and then, with this estimation, this delay must be removed from the system.
Inspired by the structure of the cascade observer, which consists of an observer in the head
and m subsystems called predictors, our aim is to achieve a joint estimate of the value of

the unknown delay and the actual state vector of the system (|3.1)).
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3.3 Head observer design

In essence the head of the cascade estimates the delayed state vector of the system;
however, in this case it must also estimate the value of the unknown time delay present
in the system. In order to achieve this, one proceeds to define the new state vector z(t)
as the delayed version of the system (B.9), i.e z(t) = (¢t — 7). Thus, the delayed system

is defined as follows:

) = Az(t) + o (ult — 7), 2(1))

SYS, (3.10)

y(t) = C=(t) = =(2)
where z(t) = [21, 29, . .. ,zn]T € R" is the actual state vector of the system (3.10) and it
is the delayed version of the system . The matrix A and C' are the same as denoted
by . Note that the actual output signal g(¢) of the system corresponds to the
available delayed output of the system (3.9), i.e. g(f) = y-(¢). Focusing on the nonlinear
vector function ¢®(u(t — 7), z(t)) one can see the presence of the unknown term (7), this
results in a nonlinear parameterization. Therefore, to achieve the estimation of the un-
known parameter and the state vector of the system , an adaptive observer inspired
by [Farza et al.| (2018c).

Before presenting the equations of the adaptive observer it is important to note that the

Assumptions [3.2.1 are fulfilled satisfied and the following assumption is introduced:

Assumption 3.3.1 The nonlinearity ©*(u(t —7), 2(t)) is differentiable with respect to u
and satisfies 2 (u(t — 7),2) # 0. Moreover, for each i =1,...,n such that 2o (u(t —
7),2) £ 0.

According to Assumption [3.2.4] let us define the term v € 1,...,n as follows:

V:min{ke 1,...,ns.t aﬁgok(u,gk) #0} (3.11)
u

Bearing in mind the above, it is possible to establish the following observer for the state

estimation of the system (3.10]). The equations are the following:
() = A(t) + " (ult = 7),2(t)
—085" (S7H+ PO T ()T (1)) CT(CE() — y- (1)),
OBS : (t) = —0"pO)YT()CT(CE(L) — y. (1)) (3.12)
T(t) =46 (A — S_ICTC) YT +60B,(u(t—17),2),T(0)=0

(

L B(t) = —0p*()YT()CTCY(t) + Op(t), P(0) >0
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where 2(t) € R" is the estimate state vector and 7 € R the estimated unknown time
delay, y, is the delayed output of the system ([3.1). The matrix A and C are given by
(3.2). The diagonal matrix Ay is defined as follows:

1 1
=dt 1, -, ..., —— 1
A@ dZCLg |: 9 07 ) Qn_1:| ) (3 3)

where 6 > 0 is a positive real design parameter. The matrix S is the unique solution of

the following Lyapunov equation:
S+ ATS+SA-CTC =0. (3.14)

Recall that the matrix S is symmetric and positive definite and it is such that the eigen-
values of A — S7'CTC are all located at —1, as |[Farza et al.| (2018c).

The function ®(u(t — 7), 2) is defined as follows:

(e — (1), 2t — (1), (3.15)

and B, is a column vector with all entries equal to zero excepting the /th one which is

Olu(t — 7),2) =

equal to 1, i.e.
B,(v)=1land Vi=1,...,n\{v},B,(i) = 0. (3.16)
In order to ensure observer convergence, the following assumptions need to be defined.

Assumption 3.3.2 The input u is such that for any trajectory 2(t) of system
starting from 2(0) € X, the matriz CY(t) is persistently exciting in the following sense

1
VT > 0,36 > 0;V0 > 0y; Vt > g

¢
/ TT(s)CTCY(s)ds < 6 (3.17)
Under the Assumption [3.3.2] one can show that the real valued function p(t) given by
(3.12)) is positive and bounded from below when p(0), i.e.

> 0Vt > 0, (3.18)
p

The nonlinear function ¢®(u(t — 7), 2) satisfies the following inequality
dk € (0,1);Vz € X,V7, 7 € R;Vt > 0,

0

Esﬁs(u(t —7),2,) — é%gos(u(t —7),2,) 2

Anr
where p is the lower bound of p and Ay is the largest eigenvalue of the SPD matrix S
defined as in ([3.14]).

<k (3.19)

92



3.4 Cascade predictors design

The adaptive observer can be used to ensure the convergence of the auxiliary system
and the value of the time-delay 7. The objective is to propose a structure to estimate
the system (3.1)). For this, a cascade structure is proposed Farza et al.| (2018a); [Tréangle
et al.| (2018)). Thus, one defines the following states and inputs of the predictors:

LT LT . . T
ZL‘j(t)::E(t—T—i—ET),Uj(t):u(t—T—f—ET), foryzO,...,m,VtZ—jE (3.20)

where m is the number of predictors in the cascade.

Notice that in the position j = 0, the state to predict is zo(t), this state zo(¢) denotes the
delayed state with 7, i.e., z(t) = x(t — 7) & xo(t), and it has been estimated by (3.12).

The objective of each predictor in the cascade is to predict the state of the preceding

subsystem over a prediction horizon equal to %, where the last predictor estimates the

actual state vector. The following properties are satisfied through the cascade predictors:

2 (t _ i) — 2, (1) and u, (t - %) — (1), (3.21)

m

Bearing in mind the above and miming the structure of system (3.9)), one can propose a

dynamical system of each x;(t),j = 1,...,m as follows:
() = Aw;(8) + ¢ (uy (t), 25 (t)). (3.22)

The above system can be rewritten as follows:

&5(t) = Azj(t) + ¢ ((t), 2(t)) + (A — A)y (1) (3.23)

where A is Hurwitz and it is a parameter in the cascade.

The state z;(t) given by (3.23]) can be expressed as follows:

z;(t) = eA%xj <t — i) + /th e () (uy(s), 25(5)) + (A — A)zy(s)) ds

—e %x];l (t) + /t_+ eAt=3) (cp(s) (u;(s),z;(s)) + (A — fl)x](s)) ds (3.24)

m

Now, one proceeds to design an observer to predict state z;(t) given by (3.22)). Miming

the structure of the system, the predictor is given by:
(1) = A;(t) + o (u(t), 35(¢)) — G;(1) (3.25)
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where G;(t), j = 1,...,m is the correction term in each predictor. Each function G;(t)
must be chosen in order to guarantee the exponential convergence to zero of the prediction

error.

Now, the equation ([3.25)) can be rewritten as follows:

2j(t) = Ag(t) + 01 (us(2), @5(t)) + (A = A) &5(8) — G(2) (3.26)

As the predictor system given by ([3.24)), the prediction Z;(¢) can be expressed as follows:

&y(t) = et (t - l) + e /tJ e (1) (uj(s), 25(s)) + (A — A)a;(s) — Gy(s)) ds
h (3.27)

Considering two successive predictors ; and Z;_;, one obtains the following:

&(t) = eMmi_y(t) + ri(t) + e /t_ e (1) (uj(s), 25(s)) + (A — A)ay(s)) ds (3.28)

z

where the functions r;-s, j =1,...,m are differentiable with respect to time and which

shall be determined simultaneously with the correction terms G;»s such that the relation

(3.28) holds true for any ¢ > 0.

Determination of the predictor gains:

The determination of predictor gains G; is presented below. Subtracting (3.28]) from
equation ([3.27)), one obtains:

. 2 - t -
A% (i‘j (t — 1) - fj_l(t)) - Ty (t) = €At/ G_ASGj<S)dS
m t,%

Differentiating with respect to time each side of the above equation, one gets:
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Substituting in the above equation the expression of fj_l(t) and fj (t — %) given by 1}
yields:

5 (3 (1= 2) =) + 6 (a0 (1= ) ) = 9 (agoa(th 1 0)
+G(t) — G (t - %) = A’ (:ﬁj (t - %) - aéj_l(t)> +G(t)

— el (t — %) + (7;(t) — Ar;(1)) (3.30)

Considering that the matrices A and eA% commute with each other, the equation above

leads to
G;(t) = et (Gjl(t) +(A—A4) (:z-j (t - %) - j;jl(t))
#9 (120035 (1= 2 ) =6 (5202502 0)) = (35(0) = Ay (0)
(3.31)
Now, if one chooses r;(t) such that
i (t) = Ar;(t) (3.32)
The correction term G; results in
6i(1) = 4% (G0 + (4= 4) (2, (1= =) =400
#o0 (ua02, (1= 1)) = i) @39)

Recall that since the matrix A is Hurwitz, there exists a positive number 8 > 1 such that
(Farza et al., [2018b}; Hernandez-Gonzélez et al., 2016])

VE>0: e < Be®, (3.34)

with @ = minjeq;ny [R(Ni(A))| where A;(A),i = 1,...,n are the n eigenvalues of A (with

.....

negative real parts).

The equations of the cascade predictors are as follows:
B5(t) = Adj(t) + @) (uy(t), 2;(1)) — G4(t)
Gy(t) = M5 (Gya(t) + (A= A) ((t — &) — #;1(1)) (3.35)
+o (w1 (), 25(t — ) — @ (w1 (), 25-1(1)))

where 7;(t) € R™ is the estimated state of x;(t) for j = 1,...,m, A € R™" is a Hurwitz

matrix such as A = A — \I,, with A > 0 is a design parameter in the cascade. Notice that
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7 is the value of unknown time-delay estimated by the head observer given by (3.12]).

In summary, the estimation of the actual state vector under unknown time-delay can be

handled by the following cascade dynamical systems:

For j = 0
To(t) = AZo(t) + " (ult — 7), Zo(t)) — Go(t),
Go(t) =001 (S™H+p®) Y)Y (2)) CT(Cio(t) — y- (1)),
7(t) = —0"Tpt) YT ()CT (Cao(t) — y- (1)),
T(t) =60 (A—STICTC)Y(t) + 0B, @(u(t — 7), 3o (1)), (3.36)
p(t) = —0p*()YT(t)CTCY(t) + Op(t)

where Z;(t) € R"™ is the estimated state of z;(t) for j = 0,...,m, Ay is given by
(3.13), # > 0 is adjustment design, y.(¢) is the available output of the system (3.1)),
A=A— ), € R and A > 0 are design parameters in the cascade.

The above observer delay equations (3.20)) are initialized as follows:
7(0 7(0
2(0) = 2(—7(0)) and z; (s —7(0) —|—jﬂ) .S € [—ﬂl J=1,...,m, (3.37)
m m

where z(s),s € [—7(0),0] is any a priori selected state vector and 7(0) > 0 must be a

positive constant.

Now, the following theorem can be proposed.

Theorem 3.4.1 Consider system subject to Assumption A1-A6 together with the
cascade observer . If the matriz A is chosen such that a < g and if the number of

predictors m is selected such that

IA
—

(3.38)

SHIE

where
0=5(L,+ A= Af) (3.39)
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with B 1s given in and L, is the Lipschitz constant of ¢ defined in @) Then,

one has for j =1,...,m:
1Z;@)] < pje™, t =0 (3.40)

where

1

3 j—

1 7 C 75—k
0% o

Y
1—oZ

m

pi = /_ 125 (s)llds + BGro ([[Z(0)]| + (1 = 6)[|7(0)
. (3.41)

where the functions T;s, k=1,...,m are given by , o is the conditioning number

of matriz S and

G = . (3.42)

In the next subsection, the proof of the theorem will be presented. It is important to
note that the error of each predictor and of the observer at the head of the cascade will
converge exponentially to zero. Moreover, the estimation of the unknown delay present in
the output of the original system is achieved. Therefore, the original state of the delay-free

system is estimated with the last predictor of the cascade, i.e. in the predictor j = m

3.4.1 Proof of Theorem [3.4.1]

First, one proceeds to analyze the head of the observer in the cascade, i.e. 7 = 0. Let us
define Zo(t) = 2o(t) — xo(t) as the observation error in states.
According to (3.10) and (3.12)), one has:

To(t) =Adg(t) + o (u(t — 7), @o(t)) — 08 ()Y () YT (1) OCT O3 (1)
— [Azo(t) + @ (ult — 7), 20(t))]
To(t) =(A— 00, 'STICTC)To(t) + ¢° (uo(t), Zo(t), 7(t), 2o (1), (1))
— 0N PO () YT (#)CTCFo(2) (3.43)
and defining 7(¢) = #(¢) — 7, one gets:
F(t) =r(t) — 7,

F(t) = — 0" p) YT (1) CTCE (1) (3.44)
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According to Assumption the time derivative of 7 is equal to zero, i.e 7 = 0. Let us
define @*(ug(t), Zo(t), 7(t), zo(t), 7(t)) as follows:

@ (ult = 7),20(t)) — ¢*(u(t — 7), xo(1))

958(u0(t)7 ih(] (t)v 7A—(t)a Lo (t)v T(t))

= @ (uo(t), 7 (1), 7(t), 20(t)) + ™ (uo(t), 7(1), Zo(t), 2o(t))
(3.45)
with:
¢ (uo(1), 7(), 7(1), 2o (1)) = ¢*(u(t = 7), Zo(t)) — ¢*(u(t — 7), Zo(t))
P (uo(t), 7(t), Zo(t), 2o (t)) = *(u(t — 7), Z0(t)) — " (u(t — 7), 20(t)) (3.46)
Now, set the exponential error Zo(t) = AgZo(t) and 7(t) = 5 7(t), one gets:
Bo(t) = 0(A — Ag'STICTC)To(t) + Dog™ (uo(t), 7(t), T(t), Zo(t))
+ D@2 (ug(t), T(t), o (t), mo(t)) — Op() Y () YT (#)CT Czo(t) (3.47)
7(t) = —Op(t) YT (t)CT COzo(1). (3.48)
The equation can be expressed as follows:
To(t) = 0(A — A1 STIOTO) 3o (t) + Ap@® (uo(t), 7(2), 7(1), To(t))
+ Do @ (ug(t), 7(t), Zo(t), zo(t)) + T(t)7(¢) (3.49)

Let ¢t be the v’th component of ¢ where v is defined as in (3.11). Using the mean

value theorem, one gets

P (uo(t), 7(2), (1), Zo(t)) = a%wi(U(f = 7), &, (8)7() (3.50)

for some unknown 7 € R.

Adding and subtracting =% (u(t — 7), Z,,)7(t) to the right side of the last equality, one

gets
& (uo(t), #(£), T(t), Bo(t)) = a%soi(u(t — 7). 2, (t))7(t)
4 <(%gpi(u(t 7), &0, (1) — %soi(u(t - %>,20,V<t))> 7(t)
= a%soi(u(t )20, (D)7() + P (uo(t), 7(1), 7(1), o, (1)
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where

LN A s J N 9 N a .
B(un(t). 7(0) 70, 20,(0) = ot = 7,80, 1) = 20t = )23, (0) ) 70
(3.52)
Notice that the equation (3.51]) can be written as follows:

7 o(0) 7(0) 7(0), 0, (1)) = b (ult — 7)., (1) rult — )7 (1)

+ i)(uo(wa 7_—<t)7 %(t)v io,u(t))
= g (ult — 7). o, (O)ilt — D)7
+ Buolt), 7 (1), #(2), 5o, ()

= (u(t — 7(t)), 20, (1) 7(t) + P(uo(t), 7(t), 7 (), 2o, (t))
(3.53)

where ®(u(t —7(t)), Zo(t)) is given by (3.15)). The nonlinearity @' (uo(t), 7(t), 7(t), Zo(t))
can be expressed as:

¢* (uo(1), 7(), 7(1), Bo(t)) = &™ (uo(t), 7(t), 7(t), 2o (t)) By + I'(uo(t), 7(¢), 7(t), Zo(t)),
(3.54)

where B, is as in (3.16]) and

F(uo(t)7 T(t)v 7A_(t)v j"o(t» = 9081 (Uo(t)a T<t>’ 71@)) j0(75)) - 9081 (Uo(t)7 T(t)a 7A_(t)v j:O(t))BV‘
(3.55)

Combining (3.53)),(3.54)) and (3.55), the nonlinearity ¢°* can be expressed as

™ (uo (1), (1), 7(1), 20(t)) = By @(u(t — 7(t)), 2o(t))7(t) + B, P(uo(t), 7(1), 7(1), o, (1))
+ Tug(t), 7(8), 7(2), 2o(1)). (3.56)

Substituting @' (ug(t), 7(t), 7(t), Zo(t)) by the above expression in the observation error

equation leads to
Zo(t) =0 (A— S7'CTC) zo(t) + NgB,D(u(t — 7(1)), Zo(t))7(t)
+ Ag B, ®(ug(t), 7(t), 7(t), o, (1)) + Aol (uo(t), 7(t), 7(t), To(t))

+ A% (ug(t), T(t), xo(t), 7(t)) + Y (¢)7(¢). (3.57)

29



From the fact that AgB, = 5B, and bearing in mind that 7(t) = "7(t), the above

equation can be written:
Zo(t) =0 (A— ST'CTC) Zo(t) + 0B, P(u(t — 7(t)), 2o (t))T(t)
+ DB, ®(uo(t), 7(t), 7(2), &, (1))
+ AT (ug(t), 7(t), 7(t), Zo(t)) + D@ (ug(t), 7(t), zo(t), 7(t)) + T ()T (). (3.58)
Set 7(t) = Zo(t) — Y7(t) and obtaining its time derivative, one gets:
i(t) = 0(A = ST'CTOY(t) + DB, (uo(t), 7(1), 7(t), £, (1))
+ Aol (ug(t), 7(t), 7(t), To(t)) + Dgp* (uo(t), (1), xo(t), 7(1)). (3.59)

Now, one proposes the following Lyapunov functions

and taking into consideration that S and p(t) are given by (3.14]) and (3.12)), respectively.

The time derivative of Vi (7(t),¢) is obtained using (B.58):
Vi(ii(t)) = = OVA(7(1), t) — 077 () CTCR(t) + 277" (£)SDg B, ® (uo(t), T(£), 7(1)s o, (1))
+ 20" SN (ug(t), (1), 7(t), Z0(t)) + 27" SAG* (uo(t), 7(t), 20 (t), 7())
< = Vi(i(t). 1) — 07" ()T C(t)
23/ M VTR0, 6) (180 By D o(8), 7(8), 7(1), 20, (6) |
[A6L (uo(t), 7(t), 7(£), Zo(£)) || + 18657 (uo (), T(2), 2o (£), 7)) . (3.60)

Using the expression of ®(uq(t), 7(t), 7(t), 2o, (t)) given by 1} one gets

180 B, (uot), 7(2), 7(1). o, (1))]] < jf_me(t),t). (3.61)

A

According to the definition of v and considering the expression of I'(ug(t), 7(t), 7(t), Zo(t))

given by (3.55)), one gets:

180T (uo(t), 7(2), 7(£), Zo (1)) || < Vi Va(7(t), 1) (3.62)
And considering the triangular structure of the function p(u(t), z(t)), one gets:
1
1A% (uo(t), 7(2), 2o (1), 7(1))|| < w Vi(n(t), ). (3.63)
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Using the inequalities (3.61))-(3.63)), inequality (3.60|) leads to:

Vi(#(1)) < — 0Vi(7(1),t) — 0(C7i(1))* + 20Vi(77) + 260/ Vi (1(t)) y/ Va (7 (1), 1)

+24 | ==VVAA(), )V Va (7 (1), ) (3.64)

where the conditioning number of S is given by

o= \/g (3.65)

Now, one proceeds to obtain the time derivative of the V(7 (1), ):

7 (= _ @77_ _ p(t) 72
= — OVu(7(t),t) — O(Cq(t) + CY()7(t)* + 0(Cq(t))>. (3.66)

Now, let V' (7(t),7(t)) be the Lyapunov candidate function and it is defined as follows

V(n(t), 7(t) = Vi), t) + Va(7(t), 1) (3.67)

According to (3.64]) and (3.66)), one gets:

V(if(t), 7(t),) = Vi(i(t)) + Va(7 (1))

< OV (i(t), 7(t), 1) + 20Vi(ij(t), £) + 260/ Vi (7 (1), )/ Va(7(2), 1)

From the fact that Vy(7(t),t) < V(7(t), 7(t),t) and 24/ Vi (7(t))\/Va(F(t), t) < Vi(7(t), )+
Vo(7(t),t) = V(7(t), 7(t),t), one gets:

V(ir(t), 7(t),) = Vi (i(t)) + Va(7(1), 1)

A
<- (eu R 7M) V), 7(t), 1) (3.69)
since (0, 1), one chooses 6 such that
A 0
0(1 — k) — 20 — ?M > -3, (3.70)

Using the comparison lemma proposed in (Khalil and Grizzle, 2002)), one gets:

V(ii(t), 7(t), to) < e~ 2OV (i5(t0), 7(0), to)- (3.71)
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Coming back to 7(t) and from the fact that V; <V, one gets

_ _9— _
()| < oe 2 x(to)| (3.72)

where 0 = \/% and x(t) = ( Zg; )

Now, set x(t) = < ) ) where 77(t) = Agn(t). It is easy to check that

IXOI < [IX@OIF < AollX@), Yt > to and V0 > 1. (3.73)
Additionally, one can show that 7(t) = Zo(t) — Y7(¢). Therefore, one has
X <lI7(t) + 7 (@)l
<z = ITHI7@OI) + [IF@)]
<[zo@)l + (1 =) 17 @) (3.74)

Since the upper bound of ||Y|| is according to Assumption Now, considering ([3.73])
(3.74) and (3.72), one gets:

[R@)] < oe 207 (o (6)]| + (1= 8)[F(H)I]) (3.75)

The above proves that the error x(¢) that involves the observation error of states ()
and parameter 7(t) will converge to zero. This represents the correct estimation of the

state zo(t) and the value of the unknown delay 7.

Now, we proceed to prove convergence for the subsystems in the cascade. For this purpose,

one defines 7;(t) = 2;(t) —x;(t) as the observation error of each predictor for j = 1,...,m.

From (3.24) and (3.28]), one obtains :
75(t) = "7 () + 15(1)

+ /t L (I (), 850, 2,(9) + (A= A)ay(s) ds (376)

m

where:
P (u(s), 25(1), 25(5)) = 0 (u(s), 25(1)) — 9" (uy(s), 25(1))
Recalling that the choice of r;-s, 7 =1,...,mis given by l} the following is obtained

lrs ()]l < Be™|lr; (O)]I, VE =0 (3.77)
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The inequality (3.34)) holds for all the predictors j.
For j =1:

Taking into consideration what is shown in , the following is obtained:
F1(t) = iy (1) + 71 ()
- /t t (G wa(s), 81(1), 01 (s)) + (A = A)ia(s)) ds

In this sense ;1 (t) represents the error in the head observer, i.e.

T1-1(t) = X(¢)
Taking into consideration the above and choosing a < g, one obtains the norm:

X < poe™
with:

po =0 ([ (0)] + (1 = 0)[|I7(0)]])

Now, considering , , and , one gets

1Z1(8)]] < Be™% (poe™™) + Bl|r1(0)[|le=™

(3.78)

(3.79)

= [ BRI ) a0 (D] + 1A = D)) ds

< Be™m (poe™™) + Bllri(0)]]e™

—I—/t ) p—alt=s) (Lo + (A=A |Z1(s)]]) ds

m

The above can be rewritten as follows

lE1 @) < Be~™ (poe™™) + Bllr1(0) e~ + /_% e ) (ol|z1(5)])) ds

o=L,+ (A=A

One can express the above as follows

t

10 < 8 (e (e )+ @) + [ ™ glan(s)ds

t— 1

t
<8 (e IO e o [ e Ian(s)ds
t— LT
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Let us define z;(t) = e™||21(¢)|| and

Ki(t) = 8 (poe™% + 11 (0)]) (3.84)

Bearing in mind the above, the equation (3.83]) can be rewritten as follows

2 (t) < Ky (t) + Q/tjf z1(s)ds (3.85)

m

Considering the proposal in equation , the proposal in lemma is fulfilled, obtaining

z(t) < ! - <Kl(t)+g/021(s)ds>

_1—Q% ol

m

- —14% (Kl(t) +gﬂ ea8||;z1<s)||ds>

m

<1 Ga@+@ﬁu@@mw> (3.86)

Coming back to ||Z1(t)|| and according to (3.86)), yields to

Hﬁﬁmél_zi<6@w“$+WMWD+QLW%@M%>e“

=pe (3.87)
with
1 . 0
= oF B (Poe*aa + ||7’1(0)||> + g/+ 121 (s)]||ds (3.88)

Subsequently, the expression pg is substituted in p;, obtaining

=1 z (ﬁa(Hi‘o(O)H + (1= 8)IF0)[) e + Bl (0)] +Q/+ ||:Z‘1(S)Hd8>

I—op

m

= BGma ([20(0)[] + (1 = 0)[[7(O)]) +

@+ = [ las)lds (359)

I-o7 L—of
with
(= ——. (3.90)
I—o-
Following this line, it is proposed that for all predictors j = 1,...,j—1, the error is shown
as follows:
1Z:(8)]] < pie™™, Yt >0 (3.91)
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It has been shown early on that the first predictor of the cascade converges to zero (3.87)),

now we proceed to show for j = 2. Let us define the following auxiliary function:

%i(t) = /t+ eAlt=s) (g?)(s) (ui(s), Ti(s), zi(s)) + (A — A)jz(s)) ds

Now, according to equation ([3.76)) and obtaining its integration, one gets:

Z;(t) =e* m$1 1(t) + Z ( AG- l)mr )) + Ej: (640—1‘)%791,(15))
)+ Z ( A=)y (¢ ) + Z <€A(j—i)%19i(t)> (3.92)

i=1

Now, obtaining the norm of the above expression, one gets

.7 - ] Al T ] Al T
125011 < leVa Rl + > (0% rs()1) + 3 (0% [v:2)1)
=1 =1
J

» N A _ J TN F
< Bem|Ix(®)]| + 8 (Z 6““”’"“7“@'(0)”) e+ ) et (3.93)
i=1 =1
Focusing on term [|eU=D%9;(t)||, one proceeds to obtain its norm as follows
Tre N T e N T t _
AR < [ o) b
t—7/m

t
< e W0m (Q/ / e“(ts)Hii(s)Hds> (3.94)
t—71/m
with o given by (3.82]).

Substituting Eq.(3.94) in Eq.(3.93)), one obtains:

17, (6)]| < Be~ || x(t)| + 8 (Z e—a<f‘—">2||n<o>||) (3.95)
=1

the above equation can be rewritten as follows

J t
Ol + 8 (Z 6_“(]_’)’"”7}(0)”) e "+ Q/ e M|z (s) | ds.
i=1 =

m

126 < Bem®m |1 X(

(3.96)
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Obtaining the norm of the term ftt_L e~t=9)||7;(s)||ds using Eq. (3.91)), one gets:

t t
/ e~ =9 z5(s) || ds < / e~ t=s) (pie™*) ds
t—L t—2

t
< pz/ A e—d(t—s)—&s
tf

t ~
/ =891 7,(s) || ds < pi—e (3.97)
t— T m

z

Using the equations (3.34)), (3.75]) and (3.97)), the inequality (3.96)) results in the following

form:

L J-1

25Dl < Be i poe™ + 0= 3~ e IV (pie™™)
i=1
3 - J
+of Aea<ts>uat~j<s>uds+ﬁ<2 D3 (0 >||>
= i=1

Rewritten the above:

j—1
175l < Bpoe ¥me + B]r;(0 >||e-““+6<26 G0 |l (0 >||>

=1

t
vo [ eI uds+gzp—e "
t—

m

I#5(6)] < <6 (roe 50 + [y 0)) +Ze 50 (o L+ B0 >||)> -
t —
+0 / e || 35(s)|ds (3.98)
P
Now, one considers z;(t) = e™||z;(t)]|, thus:
iy 32 (o) #
K;(t)=p <,Ooe @@ 4|75 (0 H) + Ze m 0= (Q,Oia —l—BHn(O)H) (3.99)
Therefore the equation (3.98) yields to:

zi(t) < K;(t) + g/tj zj(s)ds (3.100)

z
m
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Considering that equation (3.38) is fulfilled and the lemma is satisfied, one obtains:

D p— T / zj<s>ds)

1—p0= _

Lo (mwse [

1—0% 7

3

IN

N

‘&SII%(S)HdS)

3
3

502 == (K0 +o [ JI@(s)Hds)- (3.101)

Coming back to terms ||Z;(¢)|| and considering the above equation, one gets:

1 _ . .
s (5 (e 1 1, 0)]) +Ze o= (gpi%wummn)

m

0
—l—Q/ ||:Z’j(s)|]ds> e (3.102)
—7/m

Combining terms, we obtain:

1 —ai (i - at(j—i T
pi=1ooz (B (o0 + s 0)]) + D eonti- )<9p%+ﬁ\|m(0)ll)

=1

0
vof ||:@-<s>uds) 3.103)
By rewriting the equation (3.102), one gets:
1Z;(8)]] < pje= (3.104)

Taking into consideration the equation (3.103)), one gets:

7 et
(1—9—>Pj=5< m Po+||7“y >+
m

+ g/+ 1;(s)ds (3.105)

m

7—1

—a L (j—i) i (0
e (api+ 810 )

1=

This can also be written in the following way:

J A 0
_ai(j Cat(j_i T -
= 850+ Y5 (oD ) +o [ eyt

=1

A j—1 .
—a (i T —aL(j—i T
= Be= W po + 0—pj + Blrs(0)]| + Y e w0 (9Epi+ﬂllm(0)ll>
=1

+ Q/J 12;(s)|lds. (3.106)

m

67



Now, equation (|3.106)) is considered in a range of j — 1, one gets:
7j—1

~ 0
pros =8 (0 ) 4 e (oD Bl ) +o [ i (olas

=1

Jj—1 A 0
at —at (i —at(i—i T —at ~
= e"m (ﬁ (e m(])p()) + Ze m(] ) (Qgpl + ,B||Tz<0>||) +e mg/ X H(,le(S)HdS>
=1 “m

(3.107)

Subtracting equation (3.107)) from equation (3.103|), we obtain:

aL 72 0 ~ —aL 0 ~
i = Pra¢™ % = 0y + Bl (0)] + 0 ( | aolas e [ ||xj1<s>uds>
(3.108)

Taking p; out of the previous equation, we have:

~

7

0 R 0
05— 0005 = pjae ™ + Bl (O)] + o ( | lolds e [ ||:zj_1<s>||ds)

e Aol
p]_l—Q%p‘jil 1_@&
0 0 . 0
e ([l = [ maels ). @10

By grouping terms and considering that the recursive equation is valid for j > 2:

0 —aZ(j—1) 0
Y - e 0 y
- i (s)ds | = —"—— | p, — i d
('0” 1— o5 /_; 175l S) (1-o2)™" (pl 1—o; /_;L 12l S)

o (=)
N Z 3lr(0)]

J 1o
—aL(j—1) 0
e %m 0
- e s [ 1)
(1—@%)“< L-on -z
L eninld BHT O
- 3.110
Considering p; given by equation (3.89)), one has:
R e~ B
o= —2 [ as)lds | = B-py + —L— I 0)] (3111)
l—on J-2 l—op  1-ogn
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and substituting the above in equation (3.110f) , one gets:

0 0 5 —a,-(5) Ebi(j 1)
p- s [ Il = <+ s o))
m (1-0%) (1—oZ)’
J e Fz%(]—z)
+2 Al (3.112)

Rewriting yields the following:

0 0o et () T emamUd)
Pi= 1 7 /_ 1%5(s)llds + ———Bpo + ) | r )j+1zﬂ””(0)“

0% /- (1- Q%)j i (1—of
0 —a 7 (j) J —a (=)
-2 / 125(s)lds i ¢
= = [ |z +B—Po+z =Bl (0)||
T—on /2 (1-or) = (1—en)”
0 0 —
__° / 17;(5)1ds + BCpo + —— 3 CE 51 (0)]]
1—p0L J_= 1— 0oL
Om J-L m k=0
0 0 : B -
=2 / 135(8)llds + BE0 (700 + (1 — HI|FO)]) YA ()
l—oy J-z 1 A=

(3.113)

This results in p; given by equation (3.41)). This ends the proof of Theorem |

69



3.5 Illustrative examples

This section shows the effectiveness of the proposed cascade observer to jointly estimate
the delay-free states and the value of the unknown delay present in a nonlinear system.
The application of this observer is shown in two examples; an academic system and a

robotic arm system.

3.5.1 Academic example

Considering the following system proposed in [Farza et al.| (2015a)):

() xo(t)
SYS : To(t) —x1(t) + 0.5 tanh (21 (t)z2) + 1 (¢)u(t) (3.114)
yr(t) = Cax(t—71)=a1(t —7)

where z(t) = [z1(t), z2(t)]" € R? denotes the actual state vector; y,(t) € RP with p =1
denotes the available output; the system input is denoted by u(t) € R. It is important to
emphasize that system (3.114) presents in the available output an unknown time delay
7> 0.

The above system can be rewritten as follows:

$Ys . { ()= Ax(t) +p(u(t), 2(1)) (3.115)
yr(t) = Cx(t—71)=x(t — 1)
with:
0 1 0
4= 0 0 ] - elult), 2(t)) = ( —x1(t) + 0.5 tanh (x1 ()22 (t)) + 21 (¢)u(t) ) 7
02[1 0}, (3.116)
and the system input u(t) is given by the following form:
u(t) = 0.1sin(0.27t). (3.117)

One can see that system ((3.115)) is the same as shown in (3.1 and presents unknown delay

at the output. The challenge is to estimate together the current state vector of system
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(3.115) and the value of the unknown delay. For this, the observer is designed as follows:
For 7= 0

Zo(t) = Ado(t) + " (u(t — 7), &0 (t)) — Golt),
— 0" (S p(O)T()TT (1)) CT(Ciolt) — y (1),

= 6(A~51CTC) T(t) + 0B, B(ult — 7). io(t))

p(t) = —Op*(t)YT(H)CTCYL(E) + Op(t)

)
)
) = =0 p(O)YT(H)CT(Co(t) — ya (1)),
)

3.118
) (3.118)

Gi(t) = e (Gioa(t) + (A= A) (&(t — ) — 251(1))

( o (wyoa (1), 25(t = 1)) = @ (ujma (t), 251 (1))

Before proceedings, it is necessary to obtain some terms that are involved in the head of
the observer (j = 0). According to Assumption and equation (3.11]), one obtains
v = 2. Since in the vector of nonlinear functions ¢ (u(t), z(t)) of system (3.114]), the input

exists only in the second state, i.e. k= 2.

Now, considering z¢(t) = (¢t — 7), the nonlinear vector function can be rewritten as

follows:

P(Zo(t), ut — 7)) = ( ! ) (3.119)

—x10(t) + 0.5 tanh (1 0(t)x20(t)) + x10(t)u(t — 7)

Bearing in mind the above, one obtains ®(u(t — 7), 2) as follows:

O(u(t —7),2o(t)) = - a%SOS(U(t —7(1)), Zop)ult — 7(1)),

= — 0.02mi1 0(t) cos(0.2m(t — 7(t))) (3.120)

and according to equation (3.11]) the column vector B, is

B,(v) = [ (1) ] . (3.121)

Three sets of simulations are presented below to demonstrate different scenarios that the
observer can deal with. All simulations will have the following initial conditions and pa-
rameters. Note that all simulations were obtained without the saturation of nonlinearities

and state. Since one considers that states are bounded with the initial conditions.
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The matrix S is the unique solution to the equation (3.14)) and Ay are as follows:

1 -1
S:[

7A9:
-1 2

Lo ] , (3.122)

1
U

and the tuning parameter is set to # = 1.2. The initial conditions for the original system

are:

a:(()):[ 05 ] (3.123)

7(0) =0, p(0) =1, (3.124)

and for the predictors (j =1,...,m):
. 0 . =
l‘j(S) = [ 0 ] Vs € [—T(O),O], A=A— )\_[2><2, A=1. (3125)

The first and second set of simulations are considering that the number of predictors is
equal to m = 5. In the first simulation, the available output presents a time delay equal
to T = 0.5 sec. Figures show the results of the first simulation. The first (z,(t—7))
and second (z5(t—7)) delayed states estimated by the adaptive observer at the head of the
cascade are shown in Figures [3.1H3.2 respectively. Similarly, this observer achieves the
estimation of the delay value present at the output of the system. Figure [3.3| shows the
estimation of the unknown delay by the observer in the head of the observer. It is evident
that the observer is able to jointly estimate the states and the delay present in the system
output. Theorem |3.4.1| shows that the observation error of the states and the parameter
converges exponentially to zero. This is shown in Figure [3.4] where the norm of the ob-
servation error and the unknown delay are shown. The actual state vector estimated by
the last predictor z,,(t), m = 5 in the cascade is shown in Figures and Figure
3.5 shows the estimation of the actual first 1(¢) and Figure shows the estimation of
the actual second state xo(f). The norm of the state observation error is shown in Fig-
ure . These figures show that the observer achieves the joint estimation of the

actual state of the system even in the presence of unknown time-delay in the output signal.

The second simulation evaluates the performance of the observer in a more demanding

case of output delay. For this simulation, the output delay is considered to be 7 = 5 sec.
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Figure 3.1: First set of simulations: Estimation of the first delayed state z1(t — 7)

The results of the second set of simulations are shown in Figures |3.843.14] The delayed
states x1(t — 7) and xo(t — 7) are shown in Figures and [3.9] respectively. The delay
estimation is shown in Figure [3.10] It is evident that the observer in the head manages
to estimate the delayed states and the delay value, even when the value is increased.
The error norm of states and delay is shown in Figure [3.11] The actual first state x4 (t)
estimation is shown in Figure and the actual second state xo(t) is shown in Figure
Recall that these are estimated by the last predictor x,,(t), m = 5 in the cascade.
The norm of the state observation error is shown in Figure [3.14]

The third simulation focuses on evaluating how the number of predictors affects the
convergence of the system. For this purpose, the delay present at the output is considered
to be equal to 7 = 5 sec. The observer design of the form is considered, taking
into account m = 5, m = 8, and m = 20. For the purpose of a clear visualization of
the phenomenon caused by the selection of the number of predictors, Figure [3.15 shows
a comparison of the error norm of these observers. If we compare the predictors m = 20
with respect to m = 5, it is shown that with a larger number of predictors a smoother

convergence is obtained. In all cases, the error norm converges to zero.
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Figure 3.3: First set of simulations: Estimation of the unknown time-delay value 7
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Figure 3.4: First set of simulations: Observation error norm of states and unknown time-

delay in the head observer
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Figure 3.7: First set of simulations: Observation error norm of the actual state vector
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Figure 3.8: Second set of simulations: Estimation of the first delayed state (¢t — 7)
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Figure 3.10: Second set of simulations: Estimation of the unknown time-delay value 7
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Figure 3.11: Second set of simulations: Observation error norm of states and unknown

time-delay in the head observer
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3.5.2 Robotic arm

The following simulation demonstrates the operation of the observer applied to a real

physical system.

One considers the following robotic arm system proposed in (Farza et al., 2021} Wang
et al., 2017):

/

iy (t) ) (1)
To(t) _ Jfog(t) - %Ig(t) — s (t) — mJ—gd cos(z1(t))
SYS : s (t) 24(t) (3.126)
i4(t) Fu— Ko () — Eas(t) — Ray(t)
yr(t)= Cax(t—7)=ax1(t — 7)

\

where z(t) = [z1(t), wa(t), x3(t), z4(t)]T € R? denotes the actual state vector; y,(t) € RP
with p = 1 denotes the available output; the system input is denoted by u(t) € R. The

available output presents an unknown time-delay 7 > 0.

The parameter values of system (3.126)) are shown in Table

Parameter | Value | Unit
Jp 0.15 | kgm?
Jy 0.2 | kgm?
K 0.4 N/m
N 2 -
m 0.8 kg
g 9.81 5
d 0.6 -
F 0.1 -
Fy 0.15 -
N 1400 -

Table 3.1: Physical parameters of the robotic arm

Considering the above, it is possible to rewrite system ([3.126)) as follows:

Sys:{ i(t) = Ax(t) + @(u(t), 2(t))

(3.127)
yr(t) = Cx(t—7)=xz1(t — 1)



with:

01 0 0 0
00 £ 0 — Lo () — Ky (1) — 22 cos(z4(t))

A= SN L p(ult), z(t) = 2 2 2
00 o0 1 p(u(t), z(1)) 0

c=[1000] (3.128)

with hLN = 1 and the system input u(t) = sin(t).
Now, the system ((3.127)) is in the form (3.1)) and presents an unknown delay at the output.
In order to estimate the actual state vector and the unknown time-delay, one designs a

cascade observer governed by the equations ((3.36|).

Before proceedings, it is necessary to obtain some terms that are involved in the head of
the observer (j = 0). According to Assumption and equation (3.11]), one obtains
v = 4. Since in the vector of nonlinear functions ¢(u(t), z(t)) of system (3.127)), the input

exists only in the last state, i.e. k = 4.

Now, considering xo(t) = z(t — 7), the nonlinear vector function can be rewritten as
follows:
0
I K mgd
—=2T90(t) — Tx10(t) — = cos(x10(t
oldo(t), ult — 7)) = 77l = mnalt) = 557 eon(mnalt) (3.129)

Jillb(t — 7A') — JlLN:CLO(t) — bLNl'gyo(t) — %i&;}o(t)

Bearing in mind the above, one obtains ®(u(t — 7), 2) as follows:

Bult — 7). 20(1)) = — o (u(t — #(1)), o )it — (1),
= Ji cos(t — 7(t)) (3.130)

(3.131)

Two sets of simulations are presented below to demonstrate different scenarios that the
observer can deal with. All simulations will have the following initial conditions and pa-

rameters. Note that all simulations were obtained without the saturation of nonlinearities
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and state.

The matrix S is the unique solution to the equation (3.14)) and Ay are as follows:

1 -1 1 -1 100 0
-1 2 -3 4 03 0 0
S — , Ng = 0 , (3.132)
1 -3 6 -10 00 5% O
-1 4 -10 20 00 0 5

and the tuning parameter is set to § = 2. The initial conditions for the original system

are:

0.5

0.5
z(0) = 3.133
o=\ (3.133)

0.5

for the head observer (j = 0):

0 0
0 0
(s) = Vs € [-7(0),0], T(0) =
0 0
0 0
7(0) =0, p(0) = 0.01, (3.134)
and for the predictors (j =1,...,m):
. 0 . .
Ij(S) = [ 0 ] Vs c [—T(O),O], A=A— A_[2><2 (3135)

and the number of predictors is equal to m = 10.

The first set of simulation is considering A = 1. Figures [3.16H3.26] show the results of the
first simulation.The estimation of the delayed state vector by the observer at the head of
the cascade is shown in Figures[3.16}{3.19] Similarly, this observer achieves the estimation
of the unknown delay value as shown in Figure [3.20, It is clear that the states and the
delay value converge to the original ones, as shown in Figure [3.21] where the norm of the
errors is shown. This shows that the observation error of the states and the parameter
converges exponentially to zero. The actual state vector estimated by the last predictor
z;(t), 7 = m = 10 in the cascade is shown in Figures The norm of the state

observation error is shown in Figure |3.26, Thus, it is clear that the designed observer is
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Figure 3.16: First set of simulations: Estimation of the first delayed position z1(t — 7)

able to estimate the current state vector even in the presence of an unknown delay in the

output of the original system.

The second set of simulations is to show the performance of the cascade predictors by
changing the values of the tuning parameter . For this purpose, three values A = 1, 3, 50
are considered. The initial conditions are kept the same for all simulations, and for better
demonstration, only the observation error of the last cascade predictor is shown. Figure
shows that for larger values of A\ a smoother convergence is obtained with fewer

oscillations in the transient compared to smaller values.
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Figure 3.17: First set of simulations: Estimation of the first delayed velocity zo(t — 7)
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Figure 3.18: First set of simulations: Estimation of the second delayed position x3(t — 7)
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Figure 3.20: First set of simulations: Estimation of the unknown time-delay value 7
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Figure 3.21: First set of simulations: Observation error norm of states and unknown

time-delay in the head observer

38



n Simulated

[ o Estimated

L] I
-2.5 p :." !
vh
Y ! ! I
0 10 20 30 40 50 60
Time (sec)
Figure 3.22: First set of simulations: Estimation of the actual first position (%)

!
{
!
|I ]

Simulated

N

n
h \ Estimated

30 40 50 60
Time (sec)

0 10 20

Figure 3.23: First set of simulations: Estimation of the actual first velocity ()

89



20

151 -

101, : -

rad
(@]
-——a = = —

Simulated

-10 ! ! ! ! !
0 10 20 30 40 50 60

Time (sec)

Figure 3.24: First set of simulations: Estimation of the actual second position 3(t)
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Figure 3.25: First set of simulations: Estimation of the actual second velocity x4(t)
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Figure 3.26: First set of simulations: Observation error norm of the actual state vector
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Figure 3.27: Second set of simulation: Comparison of the observation error norm with

different number of A

91



3.6 Conclusion

This chapter has presented the design of an observer for a class of nonlinear systems in
the presence of an unknown time delay in the output. This problem was approached
by considering the use of a cascaded observer, which is capable of jointly estimating the
actual state vector and the value of the unknown delay present at the output. First,
the redesign of the observer in the observer head is presented and an adaptive structure
is proposed, achieving the estimation of the system delay vector and the value of the
unknown delay. Then, based on the estimation of the unknown delay, the predictors
are able to estimate the original system and predict it within a fraction of the delay.
The methodology for the design of the head observer and the selection of the number
of predictors is clearly presented. It is shown that the estimation error of states and
in the unknown time delay will converge to zero. The effectiveness of the observer is

demonstrated through an academic example and a robotic arm.
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Chapter 4

Observer synthesis for a class of
nonlinear with state and output

delays

4.1 Introduction

In this chapter, the design of an observer for uncertain uniformly observable systems in
the presence of long output and state delays will be discussed. The observer to be de-
signed presents a cascade structure due to the long output delay. Two main cases are
considered for the design of the observer: when the state vector related to the linear part
is free of delay and when there are states with delay in it. In addition, the methodology
to reconstruct the original states from the cascade of observers is presented, considering

the different types of delay: commensurable and non commensurable.

There are works that choose to separate the linear part without delay and the part with
delay, as proposed by (Binazadeh and Asadinial, [2020; Naami et al., 2022} |Avilés et al.)
2023). However, these approaches do not consider delays in the system output, which in
practice is common due to the measurement and data transmission instruments. An ap-
proach that addresses output delays and states is presented in (Vafaei and Yazdanpanah),
2016} (Talebi et al.| 2020; Di Ferdinando et al.| [2023)). However, this approach is limited to
the linear dynamics being delay-free and the delayed states being present in the nonlinear

part.

The performance of the proposed cascaded observer is highlighted by simulations on an

academic example and a simple pendulum.
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4.2 Problem formulation

Let us consider the following class of uniformly nonlinear systems with time-delay in state

and output:
#(t) = Aw(t) + e(u(t), (), =, (1)) + Be(t)
SYS: ¢ yu(t) = Cx(t—m)=a1(t — 1), (4.1)
z(t) = o(t),Vt € [-m — 75,0,
with
- . -
Onfl,l Infl nxn nx1 Ixn
A= e R"”" B = eR",C=|10 ... 0| €R™, (42)
0 Ol,nfl 0
T
where z(t) = [ x1(t) wo(t) ... xn(t) € R” is the actual state vector of the system;

z.,(t) = x(t — 75) is its delayed version and 7y is the delay present in the state; u(t) € R
is the system input; y,(t) = y(t — 71) € R denotes the available delayed output where 7
represents the time-delay present in the output, y(¢) € R is the actual system output that
is not available; € : [—7, +0o[ — R denotes the unknown function that represents the
uncertainties of the system. It shall be treated as an unknown function which explicitly
depends on the time t for ¢ > —7y; 1y(t) is a continuous function [—7 — 74, 0] and
o(u(t), x(t), .. (t)) is a nonlinear vector function with a triangular structure with respect

to the state z(t) and its delayed version z,_(t), i.e.

or(u(t), z(t), ., (t) = wr(u(t), z1(t), ..., xp(t), z1(t = Ts), ..., 2x(t — 7)), k= 1,...,n.
(4.3)

Before proceedings one defines the following assumptions for high gain observer design

(Hernandez-Gonzalez et al., 2016; Farza et al. 2017aj, 2014b)):

A1l. The input system u(t) and state x(t) are bounded, i.e. there exist compact sets
U C Rand X C R" such that u(t) € U and z(t) € X Vt > 0, allowing thereby to define
an upper bound on the system state variables, namely there exists a positive scalar p,,

such that one has

Vit >0, |xi(t) < py fori=1,...n (4.4)
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A2. The nonlinearity ¢ is Lipschitz with respect to the system state z(t) and its delayed
version ., uniformly in the system input w(t), i.e. there exists a positive scalar L, such
that Vu € U;V(x,7) € X x X;V(2.,,%,,) € X x X, one has

le(u(t), z(t), 27, (1)) — p(u(t), 2(t), Zr, (D)) || < Lollz(t) = (@) + Lyllww, () — 2. (1)
(4.5)

A3. The unknown function €(t) is essentially bounded, i.e.

36. > 0; sup ess|le(t)]| < 6. (4.6)

t>—11

A4. The output time-delay 7 is arbitrarily long, constant, and known.

The estimation strategy is inspired by the articles Hernandez-Gonzalez et al.| (2016]); Farza
et al. (2018a)); Germani et al.| (2002), where a cascade observer is presented for the esti-
mation of the actual state vector under arbitrary long time-delay. The structure of this
observer consists of m + 1 subsystems. The first subsystem estimates the delayed state
vector and the remaining m subsystems predict the system over a prediction horizon equal

to 7L, whereupon the last subsystem reconstructs the current state vector.

One shall first detail the design of the High Gain Observer (HGO) which constitutes
the head of the cascade. Before proceeds one saturates the nonlinealities of the system.

Indeed, let us recall the usual saturation function defined as follows:
. z it |z] <r
Vz <€ R, sat,(z) = r - sat (—) = (4.7)

" r-sign(z) if |z| >r

where r > 0 is a positive real and sign(-) is the usual signum function. Indeed,

one can saturate the nonlinear functions ¢y for k =1,...,n as follows:

Oi(u(t), x(t), ..., xp(t), 21 (t — 7%), .., an(t — 7)) =
op(u(t), satr(x(t)), ..., satr(xk(t)), satr(x1(t — 75)), . .., satg(ze(t — 75))), (4.8)

with R > py; and where pys is the positive real defined in assumption Al. Since the
Lipschitz constant of the saturation function is equal to one, the Lipschitz condition ({4.5])
implies that

Vue U;V(z,z) € X x X;V(2r,,Zr,) € X X X

lp(u(t), x(t), -, (1)) — p(u(t), 2(2), T, ()| < Le(ll2(t) = 20| + [J27, () = 27, (D)]])-
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Recall that the saturated nonlinearities coincide with the non saturated ones on the
domain in X in which lies the state, one can use the following system to design the high

gain observer:

SYs #(t) = Ax(t) + ¢ (u(t), x(t), 27, (1)) + Be(?) (410)

Ya(t) = a1(t —m)
4.3 Design of the high gain observer

Let us consider the following state vector z(t) £ z(t — 71) as the delayed state of x(t).

One can estimate the state vector z(t) using the following HGO:

A(t) = A2(t) + ¢ (un (1), 2(t), 2, (1) — O, K (CA(t) — ya(t))
OBS : (4.11)
2(8) = ¢(S_Tl)’vs € [_TS7O]a
with

. 1 1
Ag = dl(lg |:]_, 5,..., W:| s (412)

where 2(t) € R™ denotes the actual state estimate, 2, (t) = 2(t — 7,) denotes the delayed
state estimate, u,, (t) = u(t — 7;) denotes the delayed input, ¢(s) is an arbitrary initial
estimate of x(s) for s € [—7, —71,0], @ > 0 is a positive design parameter and K is chosen

such that the matrix

A=A-KC, (4.13)
is Hurwitz.
Before starting the theorem that puts forward the main property of observer (4.11)), one

recalls that since A is Hurwitz, there exist a Symmetric Positive Define (SPD) matrix P

and a positive real p such that
PA+ AP < —2ul,. (4.14)

Bearing in mind this, one can propose the following theorem.

Theorem 4.3.1 Consider system that satisfies the Assumptions A1-A3 together
with the observer . Then, one has:
3609 > 0;V0 > 0y; Vt > to,
12| < u(B)e " max [|2(s)] + M(0)0 (4.15)
SE€|—Ts,
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with

A0) = PO gy pon (1 + 2br,

27T,

(\/5 - 1) . Ts
W) and M(0) = 20p n(0) (4.16)

where 2(t) = Z(t) — z(t) is the observation error, op is the conditioning number of the ma-

triz P given by equation , Ts 18 the time-delay involved in state of system , 0. 18
the essential bound of the unknown function £(t) and b is a positive constant independent

of 0.

4.3.1 Proof of Theorem [4.3.1

Let us consider z(t) = z(t — 7) and Z(t) = 2(t) — 2(t) as the observation error. From
({4.10) and (4.11)), one gets

3(8) = AZ() + @ (ay (1), 2(0), 20, (1), 2(t), 2, (1)) — 00, KC3(t) — Ben () (4.17)

958 (udl (t)’ 2(07 2?7'5 (t)v Z(t)a 2 (t)) = 905 (ud1 (t)7 2(t)7 2Ts (t)) - ¢S(ud1 (t)v Z(t), 21y (t)) (418)

Now, set z(t) = 0" AyZz(t) as the exponential error and considering the following equal-

ities:
AQAAgl =0A, CA;l =(C and anlAgB = B. (4.19)

Bearing in mind this, one can show that:

Z(t) = 0Az(t) + 0" N3 (uay (t), 2(t), 2r, (1), 2(1), 27, (1)) — OKCZ(t) — Bey, (1)
= Af(t) + eq_lAHSES(uch (t)7 2(t)7 275 (t)7 Z(t)7 2 (t)) - Bgn (t) (420)

where the Hurwitz matrix A is defined in (4.13).

By considering the following Lyapunov candidate function:

V(z(t)) = 25 (t) Pz(t) (4.21)
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where P = PT > 0 is the SPD matrix given by (4.14). Now, one obtains the time
derivative of (4.21]) as follows:

V(z(t)) = 257 (t) P3(t). (4.22)

Now, combining equations (4.20)) and - in , one gets:

V(2(t) < — 20V (2(2)) + 227 (1) PO Do (uay (1), 2(2), 20, (1), 2(2), 2, (1))
+ 277 (t)PBe,, (t) (4.23)

where \j; is the largest eigenvalue of matrix P.

Using the Lipschitz assumption on the nonlinearity ¢(*) together with its triangular struc-

ture, one can show that

227 (1) PO Ag @ (g, (), 2(1), 21, (1), 2(t), 27, (1)) < arV (2(1)) + ol 2() || 2. (1)
< aV(Z(t) + 2V (Z, (1)) (4.24)

where a; and g are positive constants independent of 0 and ¢; = a5 + a/(2A\n),

cy = /2N, with A, being the smallest eigenvalue of P.

Combining (4.22) and (4.24) and choosing 6 sufficiently high, in particular to satisfies
—/\2—“9 4+ < —/\LG, leads to:
M M

V() < 120V (3(0) + 2V (2 () + 2V AV ED)fen (8 (4.25)

M

or equivalently, leads to

da v(z(t))_z)\ 0/ V (z(t +C2\/ 2 () + 2/ Aulen (1) (4.26)

dt

According to Assumption A4, e, (t) is essentially bounded with §. as essential bound.
Hence, the function y/V(Z(t)) satisfies the conditions of lemma with

0=1,, a= L, b= and p(t) = vV Aulen () (4.27)
2\ 2

According to this lemma, one gets:

V(z(t)) < et (1 + zbfs(\/_z—_1)> max_/V((s)) + 27555. (4.28)



where b is as given in (4.27)).Coming back to z, one gets:

1Z(0)]) < ope 7t (1 + 2b75%) Jnax 12(s)]| + i;g) (4.29)
According to the definition Z, one has for # > 1 and for all t > 0,
12N < 1201 < 67~ H|Z(1)l)
501 < w(O)" max 5] + M(O). (4.30)
with
A(B) = l’;f)’ () =op (1 - 2b75%> and M (0) = 20Pl 7(39)' (4.31)

This concludes the proof of Theorem 4.3.1, W

4.4 Design of the cascade predictors

As mentioned before, the cascade structure is considered for the estimation of the actual
state vector. The first subsystem is a high gain observer that provides an accurate esti-
mation of the delayed state of the system, i.e {x(t — 71)}s>0 from the available delayed
output measurements, i.e. {y,(t)}>0. The remaining m subsystems are the predictors
that achieve estimation over a prediction horizon of 71 /m. Now, one proceeds to define

the following state variables and inputs for 7 =0,...,m,

29(t) =z (t -7+ 17'1) Ju (1) = u (t — T+ 17’1) : (4.32)
m m

It should be emphasized that the main idea behind the introduction of the above variables

) and u9) lies in the following properties satisfied by these variables

g (t - E) = 2zU=(t) and uV <t - E) =u9 V), =1,...,m. (4.33)
m m

The above properties ([4.33]) can be expressed as follows:
2 (t) = g0~ (t + E) and w9 (t) = uU=Y (t + E) J=1,...,m. (4.34)
m m

The equality (4.34) implies the following:
A , 1
2V (t — 1) = 207D (t -7+ —7'1> . (4.35)
m

Using the above equality, the system (4.10]) can be rewritten as follows:

9(t) = A1) + ) (u0(t), a0 (1), 20V (£ + 1)) (4.36)

m
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according to the adopted notation, one has

(04 ) o (14 G- D2 D) = (1452) =a (- 1+ 52 ) =20()
(4.37)

According to (4.32)), one has () = x(t — 1) = x,,(t) and hence an estimate #(® of (%)
is already available through the high gain observer in the head (4.11)).

4.5 Equations of the cascade predictors

Let us propose a predictor 20) that shall provide an estimate of the state %), j = 1,...m
Miming structure of the high gain observer (4.11), the predictor #V) is given by the
following equation:

0 = Aggu)(t) + o) <u(j)(t), 20(1), 297D (1 + %)> — GO,

GU)(t) = e (A— A)( ( — %) —x(jfl)(t))

e (W00, 29— 2,387 (1) = 0 (0700, 2500, 447 (1)) }

where A is a Hurwitz matrix and m is a positive integer integer the choice of which shall
be specified later. Recall that the implementation of the above predictors requires the
availability of x(]_ ) (t + T—T:L) = 57(71_1) (t — (75 — T—n}L)) at the actual time instant ¢. Such a

condition is satisfied as soon as m is chosen such that (7, — ™) > 0,iem > .
S

To summarize, the equations of the overall cascade observer constituted by the high gain

observers at the head of the cascade and m successive predictors are:

(30() = i) + O (uO), 20,30 (1)) - GOb)
F0(t) = A30(1) + o) (u(2),80(0), 347V (£ 4+ 2)) = GO (o)

GO(t) =0A;"K (C2O — y,(1))
fory =1...,m,

GU(t) =t {(A—A) (39 (t — ) — 2U-D(t))
) (w0 (0), 20t - 2), 2470 (1)) — o (w00(0),290(0), 47 (1)) |

x(])(s) = ¢(5—TS+ %7’1) ,VS - [—Ts — %Tl]’j = 07...,m.

(4.39)
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where ¢(s) is an arbitrary estimate of x(s) for s € [—7, — L7, 0].

m

Before giving the main theorem that summarizes the results obtained through the above
developments, one recalls that since the matrix A is Hurwitz, there exists a positive
number 5 > 1 such that Farza et al.| (2018a)

VE>0: e < Be®, (4.40)

.....

negative real parts).

Now, one can propose the following theorem.

Theorem 4.5.1 Consider system subject to Assumptions A1 to A4 and observer
(4.39). If the matriz A is chosen such that 2a < \(0) where @ and \(§) > 0 are respectively
defined as in (4.40) and (4.16) and if the number m is selected such that

i <71, and 77E <1, withn = (L, + H/_l — Al)), (4.41)
m m

where (3 is given by and L, is the Lipschitz constant of ¢ defined in A2 then, one

has for j =1,... m,

vt > 0,179 (1)) < pjeE + Mo, (4.42)
where p; and M;, j =1,...,m satisfies the following recursive equations
P L i s P Sy TR / 0 )ds
77 G 1 -k R R o ’
(4.43)
1 <6L@ + ne’a%>

;= L Mg+ —— (.44

a l—ntt a (1 — 77%)

and py = p(0) maxse[_r, ) |2 (s)|, Mo = M(0) where ju(0) and M(0) are given by ,

and 0. 1is the upper essential bound of the uncertainties as given by assumption A4.
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4.5.1 Proof of Theorem [4.5.1]

Let us define the observation error of each predictor as 20) = 70 — 20 for j =1,...,m.

From (4.36)) and (4.38]), one obtains for j =1,...,m,
FO () =479 1 o (uu)(t), 20)(¢), 569D (t i E)) O (um (£), 29 (¢), 20D (t 4 E))
S m S

—et i {(a-A) (29 (1= ) -2 0w))

m
) (u(j—l)(t)7i»(j) (t _ %) LU (t)) — @ (WG (t), 207 (£), 40D (t))}

— BeW(t). (4.45)

Now, one defines (V)(t) as follows:
t
CO (1) =39 (1) — / GAlt—s) {(p@) (u@)(s),@w)(smg—l> (S+ E)) _
1L m

T1

@ (u(j)(s), 29 (s), xg_l) (s + )) + (A - f_l):i(j)(s)} ds. (4.46)

m

One gets

CO@) =D (1) — AFD () — (D)) — (u(j)(s)7§3(j)<3)’igfl) (5 4 %))

() () ®) (5-1) TN _ (4 D0
+ 0 (a9 (s),20(5), 207 (s + 2 ) ) = (A= Azt (e)

LA {¢<s> (u(j—n(t), 20) (t _ E) &0 @)
m
—® (u(jfl)(t)’ 4:0-1) (t) 755(73'71) (t)) + (A — 121)55(3') (t — E)}
s m

:Ac(j)(t) + 70— Aj(j)(t)

_ {so(s) (u@)(t), 20 (¢), 26 (t X E)) — o (um(t)’ 2O(t), 20D (t X E))}
m

m
e’ <s>< G=1(4) 20 (t_ﬂ> (1) t>_ ) (LU= (4) 20-D(p) 20-D (¢
+ et {o (W (0,20 (1= ) 28 (1)) = ) (@O0, 200,27 (1)
(A A) (5@@ (t - E) - ;e<j—1>(t))} (4.47)
m

Substituting in the above last equality, () (t), by its expression (4.45), one gets
D) () = Ac0) (¢ (s)( D (). 5D () 26-D (t E)) _ (s)( D (). 2D (4). £G-D (t E))
() =ACY(t) + ) (u? (1), 2V(), 27 + e (u(t), 2V (1), x7] +—

+ BeD(t) + et {(A = AH)FUD (1) 4+ o) (uU=D (1), 207D (1), 297V (1))

— o (u(j—l)(t% 20D(t), 20D ()} (4.48)
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The state () (t) governed by the above ODE can be expressed as follows

) =)+ [ A {Bs) 160 (u0(5), 895,34 (5 )
—p® (um(s), z9(s), 20D (s i %)) } ds
’ / A3 {(A = AU (s) + 9 (u0(s),207D (5), 247 (5))
—p® (u(j‘l)(s), 2= (s) ,xﬁ{‘l) (s))} ds (4.49)

Using (4.40) and the Lipschitz property (4.5) of the nonlinearity ¢(), the state ¢V ex-
pressed by (4.49)) can be bounded as follows:

1 . t —
KOOI <P + 5 [ e (ED )]+ Lllao™ (s+ 2 [) ds
0
t — Tl —_ .
8 [ (1A= A+ 1) 1897 0) s
IO+ 5 [ e ()] + Ll 5+ 2) ) s
b [ et s (4.50)
Using the induction assumption, one gets
. 1 . t — .
SOOI <P + 5 [ e (ED )]+ Ly (proae 7R 0) ) ds
0
t ~ - a
+ 77/ e” ™) (pj1e” 5 4 M;a0.)ds
0
_ . t _ . _T1
=[le*¢Y(0)]| + / e (6[5(])(3)]—1— <BL@+77€_“F) Mﬂae) ds
0
= ¢ a 71 =71
—i—e“t/ <ﬁL¢e§(”_F> +ne*“?) pj—1e2°ds
0
<A+ (80, + (8L, +meH) My 10.)
2 2 (r-1t) _amL _T1y
+ = (6[/@62 + ne m) pj—1e ™ (4.51)

According to , one has
0
At (0) = A7) (0) — / pAlt—3) {¢<s> (u(j)(s) 20)(5), 20 (S I E))
71 m

o (u0(5), 20 (5), 200 (54 D)) 4 (A= i) pds  (452)



and hence

¢ (0)]

_ ; ° j
<Beat (“j(])(())” +77/T1 ||j(])(3)||ds> ;

§&79<mem+n/;Jﬁm@W%>- (4.53)

m

Combining the last inequality with (4.52), one gets

IO <= (8+ (BLo+ e ) M) 6

0 71 1 a
+wawum/ﬁn<nm+ @Lw(mhmemﬁbq 3

m

(4.54)
Now, from (|4.46|), one gets
t
5(9) <@ A(t—s) (s) ,,0) ~(7) ~(5—1) i _
m<w_m<w+[ﬂe {09 (u(5),29(5), 297 (s + 21))
() (,,) () (5-1) s _ s
® (u (5), 2V (s),z <s+ m>) +(A-A)z (s)}ds
t
<O +5 [ e (L + (A= 2) [29(5) s
t_i
. t — .
@+ [ e )]s (4.55)
t—T1

Using the bound of ||V (¢)|| given by (4.53), the last inequality leads to

) ;
129 (1)]| < (ﬁ“i-(j)([))” +?7/_r1 129 (s)||ds + = (6[1506%( )+77€ o )Pg 1) —at

m

@\I»—t

t
2 (8 (BLotne ™) M) drn [ eI o) ds
t,l
a t a y
émﬁ+M+¢/ e300 |00 (s) | ds
t—l

— t .
<pe 2t 4+ M+ 17/ e~ 29 (s5)||ds (4.56)
t— 11

with
3 0 - 2 a 1 71
p =BV O+ [ 1ED(6)ds + = (Lot e i) gy
-1

M =

QIIH

(8+ (BLy+ e ) My ) 6. (4.57)



Since L < 1, all conditions of lemma are satisfied and one gets

. 1 0 . a a
129 (1)|| < o ((p + 77/ ||j(ﬂ)(3)||ds) e 2t 4 M) £ pje 2+ Ms.  (4.58)

m — -1

Substituting in the last equality p and M by their respective expressions given by (|4.57))
leads to inequality (4.42). This ends the proof of Theorem [

4.6 Extension of the predictor design

One of the main constraints of the system (4.10]), subject to the design of the predictors,
is that the presence of the delayed state is allowed only in the triangular function and in
the output. However, in this section, we will extend the design by considering the delayed

state at the end of the state. Let us consider the following system:

SYs #(t) = Axc(t) + ¢ (u(t), z(t), z-, (1)) + Be(t) (4.59)

ya<t) = $1(t-7'1)

where
[ 2yt —7) |
2, (t) = 7alf _ ™) (4.60)
I xp(t — Tn) |
with 7, > 0,i = 1,...,n and 7 = Z:.L:l 7; > 0, and the other variables keep the same

meaning as in system (4.10)).

It is clear that system is identical to system in the case where 7, = 0, © =
2,...,n and hence it includes the latter it allows the presence of delayed states in a non
triangular manner. Similarly to the output delay 71, the new state delays 7;,i = 2,...,n
may be arbitrarily large. To extend the predictor design proposed in the above section,

one introduces the following change of variables::

where
=Y mi=1...n (4.62)
j=1
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For clarity purposes, let us focus on the expression of the time derivative of £, =1,...,n.
To this end, one recalls that the time derivative of the original state x;(t) can be written

in the following developed form
Ti(t) = i1 (t — Togr) + 0 (wt), 21(b), ..., zi(t), 21 (t = 76), .. 2t — 7). (4.63)
From the definition of £(¢) given by (4.61)), one gets for i = 1,...,n,
&(t) =21 (t =T — Tig1)
+ O (u(t — 7)), e1(t—F)y it —T) 2 (t =Ty — Ti), o wi(t — T — 7))
=& (t) + W (ult —7), &t — (T2 ot T)), Gt = 1), &(8),
GUt—(Ts+m+...4+7) &t — (s + 7)), &t —75))
=& () + W (ult = 7). &0t = (7 = T0)s - Gt = (7 = Ticn)), (D),
Gt — (s + T —Tic1),y -, &ima(t = (15 + T — Tiz1)), &i(t — 75)) (4.64)
For writing compactness, one introduces the following notations:
Fap=Ti—Tni=2.. . mandj=1,.. . ,i—1, (4.65)

and & 4(t) = &(t — d) for any positive real d.

Using the above notations, equation (4.64) can be written as follows
gl(t) :gl-l-l(t) + (;OES) (uﬂ (t)7 glﬂ_’(i,l) (t>7 s 751:—1,?(2-,1-,1) (t)a €Z<t)7
57;,7'5-1-‘7'(1',1) (t), BRI 572—1,7'5-&-77'(1'71',1) (t)? 57;77—5 (t)> (466)

For writing compactness, one shall bring together all the delayed versions of the compo-

nents &,7=1,...,n in one vector denoted &, i.e.
B 51 (t) 7 éiﬂ_—(i-&-l,i) (t>
52,7 (t) 5 ' (t)
& () = : with &, () £ TG vi=1,...,n—1and & ,(t) £ & (t).
En1,+(t) Gorrttonnn ()
Enr ()
| gi,75+77'(¢+1,n) (t) i

(4.67)

Using the above compact notation together with (4.66)), one can check that the change of
variables (4.61]) puts system (4.59)) under the following form

Sysz{ €)= ASH) + @ (un(t) .. ur, (),£(0). &0 (1)) + B(t)

W) = a) (468)
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where u-(t) = u(t — 7;), and the nonlinearity, p*) keeps its triangular structure with

respect to ¢ and its delayed version &,.

Now with this it is necessary to propose a cascade to deal with this problem. Such a
cascade will predict the state & over a prediction horizon equal to 7,, i.e. to provide a
prediction & (t+7,) of the estimate £ (t) provided by the observer in the head. Indeed, since
7, > 7,0 = 1,...,n, the availability of the prediction & (t + 7,) implies that prediction
&(t+7;),1=1,...,n are also available and hence according to , the original state

x; = &(t 4+ 7;) can be recovered.

4.6.1 Cascade observer redesign

Miming (4.32), one defines the states and inputs of the cascade observer as follows
é%n:g(p+i%)ﬂgkw:uﬁ(p+iﬂdhpzqnwm. (4.69)
m m

Notice that similarly to (4.34) and (4.35), the states £U) satisfy the following equalities

for j=1,...,m,
G (1) — cG-1) T\ cG)s o\ — cG-D) (4 _ Tn
§r(t) =¢ G+m)£d ) = €070 (& n+m> (4.70)

The design of predictor shall be achieved on the basis of the following model, which is
obtained from system (4.68)) by miming the obtaining of system (4.36)) from system ({4.10))

) (1) = AeW@) (5) (4,9 () G) ¢cim Tn
(1) = A @) + o) () (1), w0, €0, €7 (14 2)). (@7

It should be emphasized that the number m of predictors in the cascade has to be chosen
under a condition similar to (4.41]) is satisfied. The underlying condition specializes as
follows for the cascade observer (4.73)),

Tn < min(7s, 71, . . ., Tn) and 777—" <1, with n = B(L, + || A — A]). (4.72)
m m

Now, miming (4.39)), the equations of the cascade observer to predict £(t + 7,,) are to be
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summarized as follows

£0(t) = AEO®) + 6O (un (1), un, (8,600, €7 (1) - GO@),
E0(t) = AED (1) + ¢ (u)(1),..., ) (1), €0 (). 607 (t+ %)) — GO,
GO(1) =08,'K (C ( £0(1) - ya<t>)

forj =1...,m,

GO = et {(A=A) (§0 (t— =) — o)
o (ul (1)l (0,600 (1= ) 70 (1)
— (W@, w00, €00(0),6970 (1) }

| €9(s) =o(s—m+j2) Vs€ -7 —j2],j=0,....,m.

(4.73)

where ¢(s) is an arbitrary estimate of £(s) for s € [—75 — 7,,,0].

4.6.2 System state recovery

The objective is to recover the estimates of the actual state variables, i.e z;(t) for i =
1,...,n, of the original system state x(¢) from the observer design model state estimate
sequence {£0)} provided by the cascade observer for j = 0,...,m. For clarity
purposes, two cases shall be considered depending on whether the state delays d; to d,

are commensurable or not.

Commensurable case

Let us consider the case where the output and state delays 7;,7 = 1,...,n are commen-
surable, i.e.

Ti=mih,i=1,...,n, (4.74)
where the m;,7 = 1,...,n are non negative integers and h is a positive real. For clarity

purposes and without loss of generality, one assumes that the positive real h can be chosen

arbitrarily small by appropriately scaling the integers m;.

According to (4.74]), one has
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Thus, after scaling h and the integers m; in (4.74) if necessary, the number m of the
predictors in the cascade observer (4.73]) can be taken equal to

Mo = Y mj. (4.76)
j=1

According to the definition of the &’s i = 1,...,n given by (4.61) and using (4.75)), the

original state components z;(t)’s can be recovered from &;’s as follows

where the last equality results form the definition of the £, j =0, ..., m given by (4.61)).
Hence, the estimates of the original state components can be recovered from those of the
cascade observer (4.73)) as follows

Zi(t) = €M), i=1,...,m. (4.78)

Non commensurable case

Now, one consider the case where the output and state delays 7;,7 = 1,...,n, are non
commensurable. Let m be the number of predictors in the cascade and set

h=1 (4.79)

m
where 7,, is defined by (4.61) with ¢ = n. Similarly to the case of commensurable delays,

one has
in(t) = E(t). (4.80)

It remains to provide estimates of z;(t), ¢ = 1,...,n — 1. To this end, set m; = %

i=1,...,n— 1, where 7; is as defined in (4.61]). According to the (4.61]), one has
zi(t) = &t + 7)) = &(t + msh). (4.81)

It should be emphasized that all the state components of the cascade observer (4.73|)
are predictors of {(t) and underlying prediction horizon are multiple of the real h. How-
ever, since the 7;’s, i« = 1,...,n are non commensurable, there exists at least one i €
{1,...,n — 1} such that m; is not an integer and hence the variable (¢ + 7;h) is not a
state of the cascade observer . Indeed, suppose that m; is not an integer and let |m; |
be the floor of m; (the greatest integer which is lesser than ;). Then, & (£ + (|/m;] + 1) )
is indeed a state component of the cascade observer and according to , one

has

& (t+ (|mi] +1)h) = LM, (4.82)
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Otherwise and according to the definition of £ given by (4.61)), one has

~

& (t+ (Ima] +1)h) =2; (t + ([ma] + 1) h = 7)
=Z; (t+ (|m;| + 1) h — m;h)
s (4 (1+ [ ma] — mi) h) (4.83)

Combining (4.82)) and (4.83)), Z;(¢) can be derived as follows

Zi(t) = &I ¢ (L g —ma)R) =1, n— 1. (4.84)

7

Recall that the above equality is valid only if m; is not an integer.

4.7 Illustrative examples

To this point, a new approach has been presented to deal with a class of uniformly ob-
servable systems with delays in the output and in the states. To validate the performance
of this observer and the presented methodology, two examples are presented. The first
set of simulations deals with an academic system, where different types of configurations
and the presence of delays are exploited. The second set of simulations is the simple

pendulum.

4.7.1 Academic example

Consider the following third order nonlinear system:

/

SYS - To(t) = | x3(t —73) + u(t)sin(z(t)z2(t))
T3(t) —0.523(t) + 0.5 tanh(zo(t)x3(t)) — x1(t — 75)u(t) + &(t)
Ya(t) =x1(t — 1)

(4.85)

where x(t) = [z1(t) xo(t) x3(t)]T € R™ represents the state vector with n = 3, u(t) € R
represents the input system and y,(t) € R denotes the available delayed output and its the
delayed version of the non-available continuous output y(¢). The function () is treated
as unknown and represents the uncertainties. Notice that the system presents dif-
ferent time-delays in its structure; 7 > 0 represents the time-delay in the output, 73 > 0
represents the time-delay in the third state and 7, represents the time-delay in the state.

Note that the second state has no time-delay, i.e. 75 = 0.

110



In order to obtain the delay-actual state vector of the system (4.85)), the following change

of variables is defined:

Et)y=| &) | = | za(t—7) (4.86)

where
_ - 1 o
1 —Zilei =T
_ 2
T2 =) Ti =TI AT =T (4.87)
_ 3
T3 :Zilei:Tl—FTQ—FTg:Tl—FTg

Bearing in mind the above and considering the change of variables (4.86)), the system
(4.85)) can be put in the following form:

(

&(1) §2(t) = 0.56,(t)

&) | = | &) +un()sin(E(t)é (1))

&(1) —0.56(1) + 0.5 tanh(&x(t — 73)E5(£)) — &1(8 — Ty — Ta)try 1y (1) + 22, (1)
\ Ya(t) = &(1)

(4.88)
with uz,(t) = u(t — 7)) = u(t — 1), ux(t) = u(t —73) = u(t — 7 — 73) and ex(t) =

E(t — 77'3) = €(t —T1 — 7'3).

Now, the system (4.88)) can be expressed as follows:

g(t) = A3§(t) + SO(U’FQ (t)v Uz <t>7 £(t)7 £T(t)) + B357‘—3 (t) (489>
where
010
As=10 0 1|, B; =
0 00

SO(U"Fz (t)a ui’g (t)7€(t)’ ST(t)) =
—0.5&(t)
Uz (t) sin(& (¢)&:(t)) (4.90)
—0.5&5(t) + 0.5 tanh (& (t — 73)&3(t)) — &1 (t — 75 — T3)un (1)
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Note that the ¢(uz, (1), uz(t),£(t), & (t)) depends on the actual state vector £(t) and its
delayed version &, (t) defined as follows:

(4.91)

6 (1) = [&(t_%_ﬁ”) ] -

ot — 73)

Now, the system (4.89)) can be written in the following compact form, which is used for
the predictor design:

ED(t) = AV (1) + () (1), ud (1), €9 (1), €9V (t + h)) + Baer, (t) (4.92)
where A3 and Bj are given in (4.90) and the nonlinear vector function is:
o) (8),u) (1), €D (1), €9-D(t + h)) =
—0.5¢Y(1)
ul) (t)sin(6 (1) (¢))

—0.5¢97 () + 0.5 tanh (€Y (t — 75 + W)EP (1)) — €9V (¢ — 7y — 75 + R)ul) (1)
(4.93)

Bearing in mind the above, one proceeds to design a cascade observer of the form (4.73)
in order to estimate (¢t + 73) = £(t + 71 + 73).

Notice that all the following simulations that shall be given were obtained without pro-
ceeding to the saturation of the nonlinearities and the state of the system is bounded for

the considered initial conditions.

The simulations of the system (4.85]) are carried out with the following input and initial

condition values:

u(t) = 0.1sin(0.17t),

T
x(O)z[l -1 1] ,
whereas the cascade observer was initialized as follows:
. T o
5(])(5) = [ 000 } , for j=0,...,m, s € [—fn—j—,O} )
m

In order to demonstrate the effectiveness of the observer, the unknown uncertain function

e 1s defined as follows

£(t) = 0.5sin(t). (4.94)
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For the proposed observer, the value of the adjustment parameter 6 is set to 10, the value

T
of K = [ 331 ] is kept constant for all simulations and Ay is defined as follows:

1 0 0
AVES 5 01, (4.95)
0 &
and the Hurwitz matrix A is chosen as follows

where A is a positive value and is set to 10.

Three simulations are presented to highlight possible cases for state recovery and different
scenarios. In the first and second simulation, the following time-delay values are consid-
ered: 71 = 0.4 sec, 73 = 0.6 sec, and 7, = 0.1 sec. Notice that the output delay 7 and the
delay in the third state 73 are commensurable. In this way, it is necessary to define a
prediction horizon h = %" that will be able to reconstruct the three states. For this, one
obtains the values of each 7;,7 = {1, 2,3}. Thus, according to , one gets:

71 = 0.4 sec
Tp = 0.4 sec (4.97)
73 = 1.0 sec

According to (4.72)), the prediction horizon h must be defined as follows:

Tn . — — —
E S mln{ Tsy, T1, T2, T3 }
h <min{ 0.1, 0.4, 0.4, 1.0 } sec
h < 0.1 sec (4.98)

Thus, to satisfy the above, h = 0.05 sec is proposed. Now, the value of m;,i = {1,2,3}
must be obtained. Taking into account the equation (4.74), one gets:

T1 0.4 )
m = —= —
Y“h U005 7
T2 0
—_—_——= —— O
M= T 005
T3 0.6
— 3 _ 19
=T 005

This means that m; = 8 predictors are needed to deal with the output delay 7, my =0

predictors since 75 = 0 and mz = 12 predictors are needed for the last delay in the third
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state 73.

Notice that since the observer is designed for the system (4.92)), the number of predictors
(m) is chosen so that the cascade can be dealt with 75. According to equation (4.76)), one

obtains ms, that is, the number of predictors in the cascade as follows:

3
msg = E m;
j=1
:m1+m2+m3

=8+0+12
ms = 20. (4.99)

Now, according to the definition of the &;’s i = 1,...,n given by (4.86)) and using (4.97)),

the original state components x;(t)’s can be recovered from &;’s as follows
21(t) = & (t+7) = &t +mh) = (1),
Ba(t) = & (t + 72) = &alt + moh) = &72(2),
Bs(t) = &5 (t + 75) = &t + msh) = §5°(b),

with mi = 8, Moy = 8 and ms = 20.

In the first simulation, one considers that there is no presence of uncertainties, i.e. £(t) = 0
to demonstrate that in an ideal case the states recovered by the observer will be the same
as the original system. The results of the first set of simulations are shown in Figs[4.1}4.3]
Figures [4.1] and show the estimation of the first and second states and their errors,
respectively. These two states are reconstructed in the j = 8 predictor. Since the original
system does not have the presence of 7y; therefore, 7, = 7». The last state x3(t) and its
error are shown in Figure [£.3] It is obtained in the third element of the last predictor of
the cascade, i.e 5 = 20. It is important to note that the errors converge to zero, since in

this simulation, the presence of uncertainties in the system is not considered.
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Figure 4.1: Estimation of x;(¢) with the predictor j = 8 and its error
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10t 1
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Figure 4.2: Estimation of x(t) with the predictor j = 8 and its error

4 w w 1 w w
x3(t) |Z3(t) — @3(t)]
Simulated 0.8
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Figure 4.3: Estimation of x3(t) with the predictor j = 20 and its error
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For the second and third simulation, one considers that there is uncertainties in the sys-
tem, i.e. €(t) # 0 and is shown in (4.94)). The results of the second set of simulations
are shown in Figs{d.444.6f The actual estimate of the first state z1(¢) and the second
state x,(t) are shown in Fig.({.4)-(4.5), respectively. The estimated states are recovered
via the first and second elements of the predictor number j = 8, i.e., () = ﬂs) (t) and
To(t) = és) (t). The reason for this is that the original system does not have the presence
of 75; therefore, 7y = 75, so the number of predictors needed to reconstruct xo(t) is the
same as for z1(t). In the case that there is a delay in the second state, i.e. 75 # 0, other
predictors would have to be added to reconstruct the original state. The estimation of

the third state x3(¢) by means of the third component of the last predictor j = 20, i.e.
T3(t) = éézo) (t), is shown in Figure .

The comparison of the first set of simulations with the second set shows that when un-
certainties exist in the system, there are differences between the original and estimated
states. In the case that no uncertainties exist, the trajectories of the observer should be
the same as the original system according to Theorem [4.5.1] as one can see in Figures
This simulation shows the ability of the observer to achieve the reconstruction of

the original state vector even in the presence of delayed outputs, states, and uncertainties.

40 w w w
Estimated L1 (t)
20
0
-20
Simulated
-40 - 1
0 10 20 30 40

Time (sec)

Figure 4.4: Estimation of the state actual state x;(t) with the predictor number j = 8.
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Figure 4.5: Estimation of the state actual state x2(t) with the predictor number j = 8.

Figure 4.6: Estimation of the state actual state x3(t) with the predictor number j = 20.
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The third set of simulation is to demonstrate the second case of the recovery of the state
vector. For this purpose, the following values are considered for the delay at the output
=5 sec, the third state 73 = 7 sec and the state delay 7, = 1 sec. Bearing in mind
this, it is evident that the system presents non commensurable delays, so it is necessary

to recover the original states of the system in a different way.

In order to deal with the case non commensurable, the value of the prediction horizon
(h) must be first obtained. For this simulation, one considers the number of predictors is

m = 60, yielding:

_ 3
n i=1 11 5} 0

heIn_ 2izi T _ Nt ET Vit 0t sec &~ 0.0896 sec (4.100)
m m m 60

Similarly to commensurable delays, the last state is recovered with the last predictor, i.e.

is(t) = &5 () = E(t).

Now, it is necessary to obtain the predictor number to reconstruct the remaining states,
i.e. z;(t),i = {1,2}. To this end, one defines each m;, 7 = {1,2} as follows:

_ TN V5

D VY 940561
= T 0.0896 ’
_ To \/3 +0

_ — 24.9561.
M2 = T 70,0896

Because 75 = 0 the same number of predictors to recover the first state can recover the

second state mq; = mo, such that
() = & (t +mh) = E7(1),
Ea(t) = &t + mah) = E77V(8),

As can be seen, the values of m; = my are not integers; therefore, the values of m; = mo
do not correspond to a state of the cascade. To deal with this, one proceeds to express it

as a subsystem of the cascade as follows
&+ (] + 1) h) =0 =670,
& (t+ (Ima] +1)h) = &V (0) = &7 (1),

Thus, according to the definition of ¢ given by (4.61) and considering (4.83)), one can

recover the actual state as follows
i (t) =& (t— (25— ma) h),

Bo(t) = %9 (t — (25 — o) ) .
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In summary, the original state vector is recovered as follows:

ia(t) =& (t— (25 —ma)h), (4.101)

The results of the second set of simulations are shown in Figs. |4.7H4.9 The estimations
of the first state x1(¢) and the second state z5(t) are shown in Figs. 4.8| respectively.
It is important to note that these states are recovered as shown in equation , these
states are the delayed version of the j = 25 predictor, i.e. éi(%) (t—(25—m;)h),i = {1,2}.
This is because the states are non commensurable, so there is no predictor in the original
cascade that is able to reconstruct exactly the delays 7; and 7». The estimation of the
third state x3(t) is shown in Fig. and is recovered by the last element of the last
predictor j = 60, i.e. T3 = A§60) (t). As shown in the figures, the estimated states present
differences with respect to the original states due to the uncertainties in the system, i.e
e(t) # 0. In the case that the uncertainties do not exist, the estimated states will be equal

to the original ones.

150 ‘

100 ' Simulated ml(t)

50
0
-50

Estimated

-100 -
-150 -

-200 ¢

0 20 40 60 80 10C
Time (sec)

Figure 4.7: Estimation of the state actual state x;(t) with m = 60.
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Figure 4.8: Estimation of the state actual state x2(t) with m = 60.
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Figure 4.9: Estimation of the state actual state x3(t) with m = 60.
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4.7.2 Simple pendulum

Inspired by the proposed in Mohammadi et al.| (2021)), one considers a time-delayed version

of a pendulum system as follows:

a1 (t) To(t — )
SYS:q [ aa0) U Mol i (g — 7,)) — L (1) + (1) (4.102)
Y(a) (t) = I (t — 7'1)
where z(t) = [z1(t), x2(t)]T € R? denotes the actual state vector; z;(t) represents the

angular position of the pendulum and zs(t) its angular velocity. The delayed available
output is denoted by y(,) € R; the system input is denoted by u(t) € R and the unknown
function is represented by the function e(¢). Notice that the system presents three
time-delay values; 7, > 0 represents the output system, 75 > 0 represents the delay in the

second state and 75 > 0 represents the delay in the state. The parameters of the system

(4.102)) are shown in the Table

Constant | Value | Unit
M 1/3 kg
1 2/3 m
g 9.81 | m/sec?
J 0.1975 | kgm?
fa 0.2 —

Table 4.1: Physical parameters of the pendulum system

In order to obtain the actual state vector of the system (4.102)), one defines the following

change of variables:
&i(t) 1 (t —71)
£(1) [ ] [w_m] (4.103)

&o(t)
where
o= Zil:l Ti =T
(4.104)
77'2 = Z?:lTi =T +7'2

By considering the change of variables (4.103)), the system (4.102)) can be rewritten as
follows:

&1(t) | &
&(1) 120 Mal i (64(t — 73 — 7)) — L& (t) + 5, (1) (4.105)

Ya (t) = 61 (t)
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with us,(t) = u(t — 72) = u(t — 71 — ™) and e5,(t) = e(t — T2) = &(t — 71 — 72). Now, the
system (4.105) can be expressed as follows:

§(t) = A(t) + p(us (1), £(1), & () + Baes, (1) (4.1006)

0
1
0
(1, (1), E(£), £,(1)) = ( e ) (4.107)
7 un ) Ml g6 (1 — 7, — 1)) — Dty (1)

Notice that the nonlinear vector function p(us,(t), u=(t),£(t),&-(t)) depends on the ac-
tual state vector £(t) and the delayed state &, (t) = & (t — 75 — T2).

where

01
0 0

AQI ,BQZ

Bearing in mind the above, the system (4.106|) can be written in the following compact

form, which is used for the predictor design:
E9(t) = A0 (1) + p(ug) (1), €V (0), €97V (E + 1) + Baery () (4.108)

where A; and By are given in (4.107)) and the nonlinear vector function is:

i 0
() () (3-1) — .
Sp(u?z (t)ag (t)v 57- (t + h)) - u(fj)(t) ) . )
e = Misin( V(- -t b)) - D (1)

(4.109)

Now, the challenge is to design a cascade observer of the form (4.73) in order to estimate
the state vector £(t 4+ T2) = £(t + 11 + 72).

The simulations of the system (4.102)) are carried out with the following input and initial
condition values:
u(t) = 0.01sin(0.1¢t)
T
z(0) = [ 1 -1 ] :
The cascade observer was initialized as follows:
. ) _ Tn
5(3)(3) = [ 0 0 ] , for j=0,...,m,s € [—Tn—j—,(]] :
m

The adjustment parameter 6 is set to 6 and the values of matrix K and Ay are defined

2
K =
[1

as follows:

1
7A9:
0

= O

] , (4.110)
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and the Hurwitz matrix A is chosen as follows:
A=Ay -\,

where )\ is set to 10.

Two simulations are presented to demonstrate a physical application of the observer. In
both cases, the following delays are considered; 71 = v/2 sec, 7 = 0.5 sec and 7, = 0.5 sec.

In this sense, since 7 is non commensurable, the cascade must be designed for that case.

In order to obtain the value of the predictor horizon (h), one considers the number of the

predictor as m = 30. Now, obtaining the value of h as follows:

_ 2
3 2 2405

ho T Zim T AT V205 s e (4.111)
m m m 30

The last state z5(t) is recovered with the last predictor, i.e.

(1) = E(1).

Now, it is necessary to obtain the value of m; in order to reconstruct the state & (t+myh),

m, 1is obtained:

T V2 sec
m=-=—

= =221 4.112
h 0.0638 sec 639 ( )

As it is evident, m4 is not an integrator, therefore, one considers the following:
o 22241 223
&+ (lm] + 1)) = 70 (0) = 67 0).

Now, according to the definition of () given by (4.61]) and considering (4.83)), one can

recover the actual state as follows

Br(t) =€) (¢ — (23 — ) h).
Thus, the original state vector is recovered as follows:

fi(t) =& (L= (23 —m)h),

a(t) = &),

In the first simulation, the presence of uncertainty in the system is considered, ¢ is defined

(4.113)

as follows:

e(t) = 0.5sin(10¢). (4.114)
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The results of the first simulation are shown in Figs. 4.1044.11] The estimations of the
angular position x;(t) and angular velocity z5(t) are shown in Figs. [4.10 respec-
tively. Since the system presents a non commensurable delay in 71, the angular position is
recovered in a delayed version of the predictor j = 23, i.e. 5523) (t — (23 —my)h) as shown
in Fig. [4.10f The estimation of the angular velocity x2(t) is shown in Fig. and is
recovered by the last element of the last predictor j = 30, i.e. 75 = 5530) (t). Due to the
uncertainties, the estimated states present differences with respect to the original states

due to the uncertainties in the system; this is clearly shown in Fig. [4.11]

N | 71 (t) |

Figure 4.10: Estimation of the state actual angular position z;(¢) with m = 30.

The second simulation is focused on demonstrating that in the case of no uncertainties
in the system, the observation error will converge to zero. For this, all the above initial
conditions are considered in the same way, but the uncertain function is set to zero, i.e.
£(t) = 0. The results of the simulation are shown in Figs. and [1.13] The estimations
of the angular position x;(¢) and angular velocity z5(t) are shown in Figs. and ,
respectively. The states are recovered as in the previous simulation. In order to see
better the phenomenon of the presence of uncertainty in the estimation, the norm of the
observation error is shown in Figure 1. If the system has uncertainties (¢ # 0), the norm
of the error is bounded to a region. This is in contrast to what is shown when ¢ = 0 since
it converges to zero. It is important to note that in both cases the actual state vector is

obtained even in the presence of output and state delays.
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Figure 4.11: Estimation of the state actual angular velocity x(t) with m = 30.
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Figure 4.12: Estimation of the state actual angular position z;(t) with m = 30 and

without uncertainties.
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Figure 4.13: Estimation of the state actual angular velocity z3(t) with m = 30 and

without uncertainties.
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Figure 4.14: Comparison of the norm of the observation error ||z(t) — £(¢)|| with and

without uncertainties.
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4.8 Conclusion

This chapter presented the design of an observer for an uncertain uniformly observable
system in the presence of long delays in output and state. This problem was approached
considering a cascade structure, achieving the estimation of the actual state vector of the
original system. In this chapter, two design cases focused on the state vector related to
the linear part of the dynamic system, whether without delay or with delay. The required
methodology to deal with these problems was presented, showing the manner to recover
the states corresponding to the original system. It is shown that in case of uncertainties,
the estimation error will converge to a bounded region. The effectiveness of the observer

is demonstrated through an academic example and the simple pendulum.
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Chapter 5
General conclusion

In this thesis work, the development of observers with the high-gain approach for nonlin-
ear systems is presented. In these systems, different practical phenomena are considered,
such as multiple sampling, multiple delays, unknown delays, and the presence of delays

in different parts of the system.

The first contribution of this work is introduced in Chapter 2. In this chapter, the design
of a high-gain observer is developed for a class of nonlinear systems that are non-uniformly
observable. A distinguishing aspect of this system lies in the presence of multiple sampling
rates and time-varying delays in the measured outputs. This framework closely reflects
practical scenarios, where heterogeneity in sensing devices or inconsistencies in instru-
mentation may naturally lead to asynchronous measurements and variable latencies. The
particularity of this class of systems lies in the fact that the part at the end of the state
vector can have inputs and states, which relaxes the change of coordinates for the design
of the observer. However, it is necessary to satisfy the condition of persistent excitation,
as shown in (Hernandez-Gonzalez et al., 2016; Farza et al., [2019). This chapter first ad-
dresses the simple case, considering that all outputs have the same sampling intervals and
delay functions, to present the necessary considerations for the design and the observer
equations. Subsequently, it is extended to the multiple case, which is a more challenging
case, so the observer is redesigned to be able to deal with it. It is established that the
observation error tends to zero and that the convergence rate depends on the maximum

sampling and delay rates present in each available output.

The second contribution is shown in chapter 3. This chapter addresses one of the most
interesting and open problems in delay systems, which is the presence of unknown delay
in the output signal. In this chapter, the design of an observer for the joint estimation

of the delay-free vector and the value of the unknown delay present in the output for
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a class of uniformly observable nonlinear systems is presented. The observer presented
in this chapter is a cascade observer, consisting of a head observer and a number “m”
of predictors as proposed in (Farza et al., 2015a; Hernandez-Gonzalez et al., 2016; Ger-
mani et al., |2002)). However, a redesign in the head observer is proposed. This redesign
consists of considering an adaptive observer for the joint estimation of the delayed vec-
tor and the value of the unknown delay. The necessary considerations for the design
are presented, since, being an adaptive observer, it is necessary to fulfill the condition
of persistent excitation for the correct estimation of the unknown delay. It is shown
that the observation error and the state error converge exponentially to zero. Thus, the
observer in the base achieves the estimation of the delayed state vector and the value
of the unknown delay. Subsequently, through the cascade predictors, the delay present
in the system is compensated in a delay fraction equal to 7/m, achieving with the last
predictor of the cascade the estimation of the actual state vector of the system. It is
important to emphasize that the compensation is done considering the value of the delay
estimated by the head of the observer. Similarly, it is established that the observation
error in each predictor converges to zero. Therefore, with this structure, the objective

of joint estimation of the actual state vector of the system and unknown delay is achieved.

The third contribution is shown in chapter 4. In this chapter, the design for a class of
uniformly observable nonlinear systems in the presence of uncertainties with delayed out-
put and system states is presented. This design mainly addresses a more open and less
restrictive problem than other approaches, since in this work, it is considered that the
class of nonlinear systems does not necessarily assume that the delays are only present in
the vector of nonlinear functions ¢ but can be present in the linear part. It is important
to emphasize that this work deals with the most general case, since the presence of the
delays in this part may vary, i.e., they do not necessarily have to be in all the states at
the same time, but may be present in some and not in others. The proposed observer
is inspired by the cascade observer, redesigning it to deal with the presence of delayed
states in the nonlinear function and also with the presence of delays in the linear part.
Through a change of coordinates, the system is brought to a triangular form, and then
the observer is applied to estimate each actual state of the system. As in the traditional
structure, the cascade observer consists of an observer at the head and a number “m” of
predictors that compensate in a fraction of time equal to the delay present in the sys-
tem. However, in this case, the value of the delay of the designed cascade is equal to
the maximum delay in the system, considering the delay at the output of the system and
each delay present in the linear part of the system. The main difference of this structure

is that each actual state is reconstructed in different subsystems within the cascade and
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not in the last subsystem of the cascade as in the traditional case. Likewise, different
cases are presented for the reconstruction of the states, when they are commensurable
and non-commensurable, which addresses the cases that may occur. It is shown that the
observation error will converge to a bounded region due to the presence of system uncer-

tainties and that only in the case where they do not exist, convergence to zero is achieved.

The performances of the different observers presented and evaluated in different scenar-
ios have been illustrated through the HIV infection model, the model of a robotic arm,
the simple pendulum, and academic examples. Highlighting their performance and their

application in different kinds of systems.

5.1 Future works

Considering the problems addressed in this thesis, several directions emerge for future

research. Some of these are outlined below:

1. Building on the results presented in Chapter 2, future work may focus on observer
designs capable of handling long time delays that do not satisfy the inequality

conditions established in the corresponding theorems.

2. Based on the developments in Chapter 3, two main research extensions are proposed.
The first involves redesigning the observer to account for signals that are not only
delayed but also sampled. The second is to extend the approach to a class of non-

uniformly observable systems.

3. With respect to Chapter 4, a promising direction would be to adapt the observer
design to handle output signals that are sampled rather than continuously available.
Additionally, extending the approach to systems with multiple inputs and multiple
outputs (MIMO) would significantly enhance its applicability.
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Appendix A

Background on nonlinear systems

and observability

Several methods for the control or estimation of linear systems have been generated over
time; however, these systems are limited to represent a more complex range of system
dynamics. Therefore, the scientific community has focused its efforts on designing meth-
ods for nonlinear systems, since these can represent more complex systems such as those
found in some areas, such as the aerospace industry, robotics, process control, biomedical

engineering, etc.

A nonlinear system is one that does not satisfy the principle of superposition (Khalil and

Grizzle, 2002), unlike linear systems. The general representation is as follows:

z(t) = f(t,z,u)
SYS Al
Y { y(t) = h(t,z,u) (A1)

where the state z(t) € X is an analytic variety of dimension n of class C*, i.e., X C R";

the input is denoted by u(t) € U C R™ ; the output is denoted by y(t) € RP. The vector
hy

field f,(z) = f(u,x) and the function h = : are of class C* on X'. The variable ¢
hq

denotes the time. This class of systems can represent a variety of nonlinear phenomena

such as:

¢ Finite escape time. A state of a nonlinear system can go to infinity in finite time.

e Multiple isolated equilibria. A nonlinear system can have more than one equi-
librium point, the state can converge to different equilibrium points depending on

its initial condition.
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e Limit cycles. A nonlinear system can present and maintain sustained oscillations

of constant amplitude and frequency, regardless of the initial state.

e Subharmonic, harmonic or almost-periodic oscillations. A nonlinear sys-
tem under periodic excitation may oscillate with frequencies that are sub-multiples

or multiples of the frequency of the input signal.

e Chaos. A nonlinear system can have chaos as a stable state, despite the nature of

the system.

e Multiple modes of behavior. Nonlinear systems can exhibit different behaviors
depending on whether the system is excited or not. Likewise, it presents changes in

response to the amplitude or frequency of the excitation signal.

Considering the general representation shown in [AI] the system can be presented in

different ways. Some state-space representations are |Besangon| (2007):

e Control-affine systems:

SYS { #(t) = f(x)+g(z)u
y(t) = h(z,u)

In this class of systems, a function g(z) that is affine to the control input u can be

separated.

o State-affine systems:

SYs . { i(t) = A(uw)z + B(u)
y(t) = Czx(t)(or C(u)x + D(u))

In this class of systems, a matrix A(u) is affine to state vector z.

e Linear Time-Varying (LTV) systems:

SYs . { i(t) = A(u)z+
y(t) = C(t)x +

In this class of systems, the matrices A, B, C, D can change over time.

If the functions f or h do not depend on u the system is said to be uncontrollable.
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A.1 Observer problem

In practice, the inputs and outputs of the system are usually available. However, in some
cases, there are certain variables of interest that are not available. Expressed in variables,
one has access to v and y; nevertheless, one wants to know x. Taking this into account,

the observation problem can be formulated as follows:

Given a system described by find an estimated state x(t) for x(t) from the
knowledge of the available outputs y(7) and the inputs u(t) for 0 < 1 <t.

Based on the aforementioned, it is possible to define what an observer is. An observer
is a device or computational algorithm that achieves the estimation of the state vector
x(t) of system through knowledge of the output y(¢), the input u(¢) and the model
of system A schematic of the system and observer is shown in Figure [A.1]

Figure A.1: Observer based state estimation x(t) scheme

A.2 Observability

In order for the observer to achieve his purpose of estimation, some conditions of observ-
ability must be ensured. The observability of a system is related to the ability to recover
x(t) from the only knowledge of u(t) and y(¢) up to time ¢. This is possible only if the

output y(t) has the information of the full state vector.

For a system to be observable in this it must be possible to distinguish between
several initial states from the output, the systems must not be indistinguishable, this
is defined below (Besancon|, 2007; [Bernard, [2019)).
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Definition A.2.1 Indistinguishability
A pair of initial conditions (xq,xy) € R"x € R™ is indistinguishable for a system if:

Yu €U, YVt >0, h(X,(t,x0)) = h(X,(t, xp)) (A.2)
A state x is indistinguishable from xo if the pair (x,xy) is indistinguishable.

It is also necessary to define the concept of detectability since there are some systems that

do not comply with the indistinguishability property but are detectable.

Definition A.2.2 Detectability
The system is detectable for any w € U; i.e., for any u in U and for any (x4, ) in

Xo X Xy such that ot (x4, u) = ot (zp,u) = +00 and
Yrou(t) = Yo, u(t) VE=0 (A.3)
then, one has:

lim | X (x4 t;u) — X (ap; t;u)| = 0. (A.4)

t—o00

This property indicates that even if two initial conditions are indistinguishable with the
output, the corresponding solutions of the system are asymptotically close; therefore, a

good estimate can be obtained no matter which condition is chosen.

Definition A.2.3 Observability [resp. at z]
A system is observable (with respect to o) if it does not admit any indistinguishable

pair (with respect to any indistinguishable state of xy ).

Example. Let us consider the following system:
r(t) = u(t
SYs . { (1) = u(t
y(t) = sin(x(t))

and taking into account the following initial states: zo = 0,2y = o + 2, the output is

evaluated with each initial condition:

It is clear that the output function y does not help to distinguish between the two states
xo and xy, therefore the system is not observable. However, it is clear that it is possible

to distinguish the states when | — 7, Z[. This gives rise to the following definition.
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Definition A.2.4 Weak observability [resp. at z]
A system is weakly observable (with respect to xq) if there exists a neighborhood U
for any x (with respect to xo) such that there exists no indistinguishable state of x (with

respect to xo) in U.
In order to prevent loss of observability in certain cases, the following is defined.

Definition A.2.5 Local weak observability [resp. at x,]

A system is locally observable (with respect to xq) if there exists a neighborhood U
for any x (with respect to xy) such that for any neighborhood V' of x (with respect to xy)
contained in U, there exists no indistinguishable state of x (with respect to xy) in V when

considering time intervals for which the trajectories remain in V.

This means that each state can be distinguished from its neighbors without going too far.

This condition is based on the notion of an observation space.

Definition A.2.6 Observation space
The observation space for the system is defined as the smallest vector space (denoted
by O) of C* functions containing the components of h and is closed under Lie derivatives

along f, = f(.,u) for any constant u (such that for any ¢ € O(h), Ly, € O(h), where
Ly, p(x) = G f(w,u)).

Definition A.2.7 Observability rank condition [resp. at x,]
A system is said to satisfy the rank condition of observability (with respect to xq)
if:

Vo, dim dO(h)|, =n  [resp. dim dO(h)|z, = n/ (A.5)
where dO(h)|, is the set of dp(x) with ¢ € O(h).
Example. Let us consider the following system:

@) = Ax(t)
5Ys { y(t) = Cx(t), with z € R® (4.6)

For the above system, the range of conditions is equivalent to weak local observability
(which itself is equivalent to observability) and is characterized by the so-called Kalman

rank condition:

Theorem A.2.1 For a system of the form[A.0
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o The observability rank condition is equivalent to rank O,, = n with O,, the so called

observability matrix defined by

C
CA
O = CA?

CAt
o The observability rank condition is equivalent to the observability of the system.

The first point results from the direct calculation of the derivatives of lie since here the
kth Lie derivation L'}h(x) = CAFz, while the second one results from the definition of
observability.

Notice that if system satisfies the above observability rank condition, the pair {4, C'}

is usually called observable.

A.2.1 Analytic condition for Observability

There are some systems for which the above definitions are not sufficient to ensure their

observability, and new ones must be defined.

Example. Let us define the following system:

_0 U
x(t) = ]x(t)
SYS |00 (A7)
y(t) = :1 o}x(t)

This system is observable for any constant input « # 0, but not for u = 0.

For this class of systems, some more definitions are needed.

Definition A.2.8 Universal inputs [resp. on [0,t]]
An input u is an universal input (resp. on [0,t]) for a system if Vg # xy, 37 > 0
(resp. 31 € [0,t]) s.t. h(xu(T,20)) # h(xu(T,2()). An input u is a singular input if it is

not universal.

Definition A.2.9 Uniformly observable systems [resp. locally]

A system is uniformly observable (UQO) if every input is universal (resp. on [0,t]).
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An example of this type of system is as follows:

( (001 0 ... 0] o1 (1)
pa(21, 22)
(t) = 0 | x(t) + '
SYS: On1(T1, ..o Tnt) (A.8)
0 ... 0 | Pn(T1,. .. Tn)
L y(t) = xy(t); with @ = (2,...,2,)"

For non-uniformly observable systems such as the one shown in it is necessary to

ensure that the input u is persistent over time. Therefore, we define the following:

Proposition A.2.1 An input u is a universal input on [0,t] for system if and only
of

t
/ || X (T, 70)) — h(Xu(T, 2)))||?dT > 0, Yoo # (A.9)
0
Bearing in mind the above, one can define persistency as follows:

Definition A.2.10 Persistent inputs
An input u is a persistent input to the system if

¢
/ . | R( X (T, 7)) — h(X (T, $27T>>|’2d7' > 0,V # 7, (A.10)
t_

In some observers where the gain terms are time-varying, i.e. K (t), it may grow. To avoid

this, one defines:

Definition A.2.11 Regularly persistent inputs
An input u is a reqularly persistent input to the system if

t
Jto, T : Vg, x)_p, Yt > to,/ |P( X7, 2i-7)) — (X (7, 7)) |PdT > B(||20-7, 7 7))
t—T
(A.11)

for some class KC function [5.

For state-affine systems, we have the following proposition.
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Proposition A.2.2 For state affine systems, reqularly persistent inputs are inputs u such
that:

T
3to, T, : / dL (s, = T)CTCD,(s5,t — T)ds > ol, ¥Vt > t, (A.12)
t

-T

with ®,(s,t) the transition matriz classically defined by:

w — A(u(s))Bu(s, 1),
B (t,) = 1

The quantity of the left-hand side of (A.12|) corresponds to what is known as the gramian
of observability, classically defined for LTV (Linear Time-Variant) systems, for any ¢; <
t, € R, as:

[(th, 1) = / P B (5,1,) 0 (5)C(5) D5 11 ). (A.13)

t1

It is important to emphasize that this condition must be satisfied in order to be able to
reconstruct the state vector of the systems. If this condition is not satisfied, there is a
risk that the observability of the system will be lost. Similarly, the input must be able
to excite the system sufficiently to achieve the correct estimation of the state vector. In
the case that a system does not satisfy this property a priori, it can be made to satisfy it

through the system inputs a posteriori.
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Appendix B

Technical lemmas

B.1 Lemmas of the Chapter 2

Lemma B.1.1 |Ramirez-Rasgado et al. (2021) Consider a differentiable function v :t €
[to — d, +o0[— v(t) € RY with ty,d > 0, that satisfies the following inequality

Vit > t, 0(t) < —av(t) + b/t;v(s) ds + p(t), (B.1)

where a > 0, b > 0 and p : RT — RT is an essentially bounded function with ||p|le =

bo
Ess sup p(t) < 6,. If — < 1, then the function v satisfies the following property:
a

t>to
0,
< _ —n(8)(t—to) P )
v(t) <(1+4(a—mn(d)))e jepax  v(v) + (o)’ (B.2)
with
—ad bo —ad
0<n(d)=(a—bd)e ™ =a 1—3 e <a. (B.3)

B.2 Lemmas of the Chapter 4

Lemma B.2.1 |Farza et al| (2018d) Consider a continuous real function x : t € [0, +00[—
z(t) € [0, 4o00[ with 6 > 0, such that

t
z(t) < pe”® + M + 77/ e~ =95 (s)ds for t >0, (B.4)
=3

where p, M > 0 and a,n > 0 are real numbers. If nd < 1 then, one has

() < 1_—1775 { (p g /i a:(s)ds) an M} | (B.5)
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B.3 Lemmas of the Chapter 5

The next technical lemma will be used in the proof of Theorem 4.3.1]

Lemma B.3.1 Consider a differentiable function v : t € [—0,+oo[— v(t) € R* with
0 > 0, satisfying inequality

Vit > 0,0(t) < —Bav(t) + bu(t — J) + p(t), (B.6)

where 6 > 0,a > 0,b > 0,0 > 1 is a design parameter and p(t) is an essentially bounded
non negative function with an essential bound equal to M. Then, there exists 6y > 1 such

that for all 6 > 0y, the function v satisfies

Vo -1) v
in(0) —25
Vt>0,0(t) < e 2 (1 T2y | e v(s) + In(6) (B1)

Proof of the lemma [B.3.1]

Let consider the following Lyapunov function for ¢ > 0,

in(0)

W(t) = v(t) + bV /t :e<t8> 2 v(s)ds. (B.8)
One gets
W (t) =o(t) — % (W(t) — v(t)) + bVBu(t) — bV/ou(t) — bv/Be™ "2 v(t — 6)
=0(t) — % (W (t) — v(t)) + bVOu(t) — bVu(t) — bV Bu(t — 6)
< — fav(t) — @ (W(t) — v(t)) + bVOu(t) + p(t) (B.9)
The last inequality lead to
W) + lzg’)wu) <4 (a - % - b%) o(t) + plt) (B.10)

In(6) 1
D _p— ) >0. .
(a 505 \/5) >0 (B.11)
Hence, for 6 > 6y, one gets
. In(0
W) < — ”2<5)w<t) +p(b). (B.12)
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Using the comparison lemma, one gets

0
_ o), RLIGY 20M
—e~ 2 (U(O) —|—b\/5/_6e 5 v(s)ds) + ()

<e Ut <1+2b5(\/§—_1>> max v(s) + 224 (B.13)

In(@) | se[-s,0] In(0)

Combining the last inequality with the fact that v(t) < W (t),Vt > 0 leads to (B.7).
This ends the proof of the lemma [B.3.1 W

Lemma B.3.2 |Farza et al.| (2018a) Consider a continuous real function x : t € [—0, +00[—

z(t) € [0, 4o00[ with § > 0, such that
¢
z(t) < pe™® + M+77/ e~ U=)y(s)ds for t >0, (B.14)
=3

where p, M > 0 and a,n > 0 are real numbers. If nd < 1 then, one has

z(t) < 1—1775 {(p—l—n/ix(s)d&) e‘“t+M}. (B.15)
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